










2 LINEAR SYSTEMS OF K3 AND HK EXERCISES

1. Day 1

We always work over base field C.

Exercise 1.1. Let X be a smooth projective variety and let D be a Weil
divisor.

(1) Show that

H0(X,D) := {f ∈ K(X)∗ | div(f) +D ≥ 0} ∪ {0}
is a C-subspace of K(X).

(2) Show that OX(D) defined by

OX(D)(U) := H0(U,D)

is a line bundle (i.e., locally free sheaf of rank 1).
(3) Show that D 7→ OX(D) gives a 1-1 correspondence between

{Weil divisors}/ ∼ ←→ {line bundles}/ ≃ .

Exercise 1.2. Let X be a smooth projective variety and let Λ ⊂ |D| be a
sub-linear system. Show that there is a unique effective divisor F satisfying
the following conditions:

(1) for any D′ ∈ Λ, D − F ≥ 0
(2) for the induced sub-linear system M := Λ − F , BsM contains no

divisor.

Exercise 1.3. Let X be a smooth projective variety and let Λ ⊂ |D| be a
sub-linear system. Suppose Λ = M + F where M is the movable part and
F is the fixed part. Show that Φλ = ΦM .

Exercise 1.4. Let X be a smooth projective variety of dimension n and let
A be a free ample divisor. Show that KX +mA is free for m ≥ n+1. (Hint:
use Castelnuovo–Mumford regularity)
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