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,
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X : Smooth Project ive Surface 1¢

・ NX) = 2 → X : General Type
・

NX) = I → X : ell.pt ic Surface

i)くし×-0) = → X~ K3 Surface
bir Abel ian Surface

Enriques Surface
hypenell.pt ic Surface毖;。 → × 、 uid.ua

TXTded Surface .

ヨ X や c I defX~ P
2

bir X- P
'

XC
bir

gneral fiber off
is an ellipliccw.ve↓
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Smooth poj 3
・ f。 H ③

、 dimX =3rd ftp.rdivisorialcontraction
⇒ だ× 。
Fit . . . . . → ×

m

(i) Xm : min imal mode l
Or

,
gen of

National(ii) Xm ! S :Morifbe Surface
,

ad
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In dimeans im 3.MN/_' は OK !

smfagMori
、 Kawamata

.
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. K。 11d r
,

Shokurov.ro- in 1980 s
.

T
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Flip or ④
! dim ! 4

IRL di u i said
onfeatinヨ

! = : X。
. . .> X

、
-.-) - - - - -

We an Always run MMP

by BCHM ( BirKar - Caseini - Hacom -

MC Kernan )

¥

GgeCMMPalwaysterminates.Thisconjectureisstillw.de/y
Open

in dim ミ 5.



⑤
Ieoreml.2e.lkHM)

If Kx な hig or KX is not

pseud。 - effective
, then are Can find

a MMP which Terminales
。

! ftp.div.atractionsIf Ki If ⇒
ヨ

X。
! Xm

Xm : miniand mode

If Ki not
p .e ⇒ ヨメ

。
・ ・ ・ う Xm

Xm! S : Mori fiber Space

に"一方 kxi.bg⇔ NX) = dim X
def ⇔ X : of gen t.pe

obvious
t

② Kx is not
p. e ⇒ NX)= -s

K (X) = -s Kx is not p . e

T
Nonvanstring Conj .



⑥
¥ MMP has not been Completed yet

in dimens ion
! 4

.

s
ヨ

log generalizo.fion , which is very
Powerfor 1

.

(X
.

O) X : normol Variety /E

! : R- di u isn on X

s.tkx 十 ! : R- Catin
-

r.rsヨ

many results in characterstic p > 0

& Mixed characterstic
,

AnyWay,
There are Still many Open

Problems in the Theory of MMP 、
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¤ 2 Iifaka

Program

X : Smooth Age
di ve Variety 1!

Tx : tagent Bundle of X

Di = けげ : cotangentbur.dk of X

Wx : = detsiicanoni.cl Bundle

凹 : Canowied di u isa
,

that is
,

9114坐

Definition-Theoremn.com#NX):=1imsap1gdimyyEm
! 。

つく (X) :

kodairadimnontriv.cl
We See

!
つくし!
_

) E {こと。 . L. ・・ ・

. dimf

This is due to shigeruI.itaka
.
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Exercise-Def.nl/:smoothprojectivevariety1e1mKx1:comp1etelinear
System パ(X

.
0町

"

Associated to H
°

( X
. G(mKD

,

that is
.

1m K× 1 = H
°

(X
.
0
×(mkx)) は先

We ans ider

Ink
× 1

: X - -.-」 PM

⇒
つく (x ) = max dim 五mm

( X )
m

/ | if lmkxlキ ! for
some MEI」 。

This is
-s if ImKI= ! fornontrivid

.
e
very

m EZ
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12年3 If NX) = dim X

,

then
weary

that X is

of General t.pe 。

、、

Exae4 dim X = 1

⇒ X : Compact Romann Surface蠃
秘

、

By Riemaun- Roche
, deg W×

=な -2

! dim H
°

(X
.
W
.が) - dim H

'

(X
.

W .が)

= m ( 2g
- 2) - g + l

If g
= 0

⇒ dim H
°

(x.co ツ = 0 for '
m > 0

=

⇒ K(X)= - CS

print

g = o



wx ! 0
× @

If g = 1 ⇒
ina

dim H
°

(X
.
Wが) for Em > 0

.

⇒ K(X)= 0

If g ! 2 ⇒
と

.
.
.
.

、

mHTX.IT! 812

二 れ(28-2)--8+-1 for もみ二
⇒ K(X) = 1

駐5兆 2
.

d dim X= 2

f : ! ! Y : surjedi ve morphism
T T

Surface Curvewith Connected fibers

X : Smooth Proj Surface Li !
Y : Smooth Proj Curve t f

F : General fiber of f : ! ! と
、

Y



④
⇒ つく (X) ! つく (Y) + NF)

!
We com Check his inequalty without

any difficultis by Enriques - Haias

Classification result
.

! Canvasely.by k (X) 三 つく (Y) 十 つく (F).

we an almost訳
9Eiueskodai.cnClassification Table

,



IitakaconjectureG.sn ④
= 二

Ejecturne2.ee(Iitaka)
n=dim X

f : X ! Y .

. smjectivemorphisw.mil
with Connecte d fibers

X
. Y : Smooth pojectivevaiet.es

F: General fiber of f : ! ! Y
化

"

二) ) ! つくに ) 十 つく(F)い

LyGjectune 2
. 6 is Still

Open _

dim X : n

dim た 晝 幷



⑤
Some Known results

凹 27 ( kawan.at。
「 1985 !

If F has a
goo

d miniand mode l
,

then Gnjectune 2
. 6 tolds .

In particular , if dim FE3
.

then

Capture 2
.6 hdds

、

MMP -_-) Iitaka Cgi
( mmptabundar.ee)

Cm
、m



④
! easy apple.aton of

Viehwegiweak.tn#8(Viehweg) positiveify .

If NY) = dim Y
,

then Conjecture 2.6

istru e.

!
andytic result

たい 9 ( Cao - Pain)

If Y is of maximal Albanesedimens.inal
,

then Cry 2
.

6 is the
.

In particular, if Y is an AbelIan Variety,
then Conj 2

. 6 tolds
、



f : ! ! Y 15〇
亞2 ( Khan) F :

gen fiber of f
If F is of General t.pe .

that is . NF) = dim F
,

then

つく (X) 三 つく け) 十 つく (F ) h。 Hs
.

"

The

maingoalof.my/ectmesistogiveare1ativelys_enylepoofofThm2.10.



160

As an apple.cation of Th 2.8
、 We Can Prove :

広 ( kawan.ata)
1980 .

Xi Smooth Projecti ve Variety /4

dim X = n

Assame f (X) i = 山~ げし!
ーー

.
) = n

T
and K(X )= 0 dimX

⇒ X is birationally equivalent to

an Abelian Variety . a

This is cone of the best results

of the Iitaka Program .
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www.vk (1

int : adjuu.fion
formala ) ⑦Exercie

が"
s X dim X = n

X : Smooth hyperSurface with deg X= d

More explia.tly ,

X= ( f ( X。
、

、 、 、

、
!
±、 ) = 0 ) c P

" '

deg f = d

鋷ばnous polynomial

Petermine R( X ) ; thekodairadimev.si
on of X

.

dim X = 1
.
⇔ n= 1

X CP
2

g (x) =
(!で(T-T)

d= 1
.

2 ⇔ ! = が⇔ つく(x)=-s

d = 3 〈-_-) g (x)= 1 く-ー〉 R(X) = 0|
d改 ⇔ g,⇒⇔ , い



¤ 3 に、
、等kawamAa.Viehwg@kollin.e.ThI

(
, Fujin。)

X : normol Myedive van /4

Y : Smooth Projecti ve var /E

f : X ! Y : snegative mophism

with Connected fibers
f : ! ! Y : Weekly Semistable in the Sense

。一概しにん - Karu

¥ がい𦥯 : F : gemdt.pe つく(F) =dimF
T

General fiber of f : ! ! T

! m

seen

:証如は⇒ f* W!人
、

on Y for Vm ! 1
.

¥ We further assame 年 (f)

Viehref van
'dim

|漣防 :

_

で は 紐1ocyfu-TTTYsheaf.sn
Y for some た



④

Today, are Treat a very Special

toymodd.IR!_Th2.10followsfromTh3.l.ThispatisduetoViehwegand

is well known althought
Completed

.

i
will not expk

・

This parts
Th 3

. 1⇒ Th 2
.

10 ( k。 Herb

T than )

Native Work



④
¤ 4

.

て厶1巡
幽 f : ! ! Y :

lsmoothmor_X.Yismoothpojectivevariet.es/IC=)f*wi_a:
両 に断𦥯

にせ Th 4
.

1 is a Special case of

GriffithsS result on PUHS
.

His resultshours that f*W!ヶ is

Semipositive in the Sense of Griffiths
.

[
Tomorrow

、
I will Treat

! い

fa EmIl
、

我wxa



、

In some Literature
,

"
Semipositive"!We pepaflsomedefinitimsaudlemmas.lo.orgFree

IHI (Neflood/
y

Free sLeaves) Shoes
.

V : positive var /
ICE
: locallyfreesheafoff.inte rank

( Vector Bundle)

E : ref 〈二) E= 0
or One,

(1) is ref
竺-

onRe
This means

Gu,
(I).C ! 。 for|

とないしが (E)

Ei ample ⇔ 毗、
( 1 )isample.def



(_
home-ork 2 2〇

" で"
叶遐

(二) Vf : C ! X C : Smooth proj Curve

婬 ! しま む

linebur.dk#endege0_iChanacterizati
of

C ! R(E )



ThorneWork 23!
Eee45 x : (Smooth) Projective Variety

E. る
、 な : locallyfreesheaves.comX

① 。 ! E ! z ! g ! 0 exact
-_-

If E and G are nef

⇒ F is nef .

② E ! る ! 0 exact
If If E is ref

⇒ る is ref
.

③ E is ref ⇒ detE is ref
.

④ If E and F are nef

二) E ! F isnef.kf.E.fiample ⇒ E! 子 : amph )



ピと E

⑤ で X
'

! X m 。 rp
hism from a

"!

(Smooth) Projective var X
'

If E : ref ⇒ ピE : ref

! ! ⑥ ( usefor l ! ! ) =) ref anple
E : ref 〈⇒ も! is

anyk
equivalent

ARTI

for e

very mapEn V

! !! from a

Smooth proj Curve C

and for Every 9*
inver tible sheafI
on C

.
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型 ( WWI vanistring theorem)

f : v ! W V : Smooth png van /!

Wi poj var

H : ample Carter di u isor on W

⇒ (げい、
咐*ん幾
㫖駐。

.

..でなで -

Re We putw_V.f_y.at 0

一、

in Thin 4 5
. Then

) ・ (け))= 0跡 for Ei> 0
.

H : ample Cutie divon V

If is voting but the Haira van
'

string
theorem for projectivevariet.es。



④
阿 ( CashInnao

- Numford regularity )

W : poj var

H : ampk Cutier diu on W

lHI : Free (for example, H :
very ampk)

F : c。 heventsLeaf on W

Assame IHIW.IQ/QwEiHD_
⇒ る is Generated by Global actions

⇐) H
¡

(W
. る ) e! 7 :

Say
酛 r㷀 Prove Drop 4 7

。

Homewok .



2 7〇kolkivaisは
By Th 4 .5 t Pro

p 47
、

we have :

Thmf f : V ! W :

pojectivesurjectivemorph.ism

V : Smooth

poj.ua/1CW:projvavietyH:ampleCartierdivonWs.t1Hl:free
⇒ げ(W.twv G(しみに

_

で ) H ) )= 0

T
for Yi > 0

,

Where m= dim W
.

が長いはk。比
⇒ rfev@0wumtiI_H_i.generated
T

by globe 1哬䒑 ! Sections
.

"
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"¥ ( Local Treeness)

d f : ! ! Y : Smooth
mophism with

Tated fibers

X
、

Y : Smooth

pojvariet.es/ed=)f*Wyy_ilocallyfree
1幽 We put だ = dim X- dim Y

.

! dim
。
トは しな。

ーー

4) is Independent of y ,

Where Xy- fな)
. f : ! ! Y

-_-

By Hodg decomposition .
Hをxy.CI)

= HGXy.RS) /
ー がどた

な趣
It is well known that FI var

dim
,

H
'
(な .SI)

is
Upper semiconltil
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⇒ dim

,
H

8 (Xy , RI) : independent
of y .

⇒ dim
,

H
°

(xy.RO) =dimcH.CI
s Constant

、

=> Away is Local/
y

Free
.

T

Hat basedayethm



⑦
V6 V :

poj van

E : locallyfreeshec.ton V
,

Eキ 0
.

Assame
ヨ
Mi

alinebundleonv-s.tl!bM_isgeneratedbyvglobalactions for E
-

-) E is ref
.

! S

B.。
_

ト By assumpt.in、
E M :

gl.ba/lygenerated.歴
⇒ 1 川跖
tg1obaHygeneratedforVss0-3ChwCsI@i_e.T''

14 : globe14 gene
rated

for Y > 0
,

Where R(E) ! V
.



③
⇒ (g) 砂紅いこ nef for 号 x

二、

⇒ 生が ) is
な and

爽皇 nefwyf.ee if

'

Gee)
( 1 ) は 砂い)

is ref - lineb.de

cg

マ! 。 分
。 (い

(1) : ref



③
にはげ逃

We constder

f! ! と
、
X"

・ !必 ! Y

-
shines

s - told fiber Product of f : ! ! Y
.

C

1年 招い
_

た
! 盛名と

for た 三 1.

に。は。進
We will use ireduction on E

- 1= 1 ⇒ trivial f! !
マ
! Y

はミ一三 ⇒ asidu ど毧浮
! Y

diagram .



f
・

③

!
マ た!"

で鬭
Note : f

・ で p .

! every map is Smooth

' ポ : Smooth
. へ1St

very 51は! 肢準喪assunptim.BYbase changes

と潭⇒ wn_iw_OGW.ca

! p 妃た wxa



③

固〇望に郾*
(脳 !翊 秘)っこ

f! (Wx・た た* 8 xa)
!

" :

:
:籩: 𤭖"

loagfre塙(いた ばりな*
と約

!

fFWxy@ftWX1TprojectimformulaLee_VTTI_Gf.W
!に

!
induIon on s
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Rem4.12_o.INthe above proof ,weedthe fact that ltwyyi.CI
When

We use the 門語だ訖

When we d。 not Know the Local Greenes s

of twyy
,

We have to Con Sider

"

weakpsiti.ity
"

due to Viehweg .

If is a Traditional approach in

the Iifaka Program .



36!
We finish the proof of Claim

.

Let5
g 。 hack to the proof of Th 4

.
1
.

We Take an ample Carter di u isa L

on Y

s.tl#:free.Misindep.We put of s
.! M : = e た

、
しし山竺

=

We apply Thin4 .9 t f ! !
マ

! Y
.

( for な)
Then Doom M :

gbballysgenerated.fi。範咷心"州
が

( 対* w、州 ! M

Generated by Global actions for な ! 1



f ③
By Len 4.11

、 ftWxq is net
.

We Complete the proof of Thin 4
.

1
.

E M : globo.ly

genatedM--wi@GkdimTtlNJT-fxWxq-.net
10cally

Free Sheaf
.



⑧
The nextgoalistoestablis.li
た f : ! ! Yi Smooth subjecti ve

mophisme
very

Strong Connected fibers

asMifs
、 Y : Smooth Projecti ve

varieties

二) fw : ref locallyf.ee
-

-

sheafT_mz_e.ie
When Et. Th 4.13 is notLing but

Theorem 4 .
1
.



③
We an directly use Hodge Theory .

van
'

string theorems
. and soon

,

for Wx .

However
,

if is not s。 Easy
to

Treat WP"

with m ! 2
.
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