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Theorem (Grigorchuk's formulation (2000))

For a finitely generated just-infinite group G, one of the following holds:

e G is a branch group (equivalently, L(G) is infinite).

e G is virtually a direct product of infinite simple groups.

e G has a normal finite-index subgroup isomorphic to L¥, where L is residually
finite and every finite-index subgroup of L is just-infinite; that is, L is hereditarily
Just-infinite.

e Simple groups: Thompson’s groups T, V; Burger—-Mozes groups; certain Kac—
Moody groups; certain lattices on exotic Co-buildings; . ..

e Branch groups: Grigorchuk’s group, Gupta—Sidki groups, ...

o Hereditarily just-infinite groups: Z, Do, PSL,(Z) for n > 3; locally 0-
1 groups (Ershov—Jaikin-Zapirain); representation-theoretic small-cancellation
groups (Kionke—Schesler).
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Every G < Aut(Tx) preserves each level X*, hence acts on it.
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...

Every G < Aut(Tx) preserves each level X*, hence acts on it.

Definition (Level stabilizer)

For ¢ € N, the level ¢ stabilizer is
Stg(£) := ker(G — Sym(X"))

Eduard Schesler (KIT) Automata and groups 18. September 2026



...

Every G < Aut(Tx) preserves each level X*, hence acts on it.

Definition (Level stabilizer)

For ¢ € N, the level ¢ stabilizer is
Stg(£) = ker(G — Sym(X*)) = [ Ste(v).

veX*t

Example (Binary adding machine)

The element a acts on X* as a cycle of length 2°.
Hence a2 ¢ St(s)(£); in fact,

St<a>(€) = (aze). O|OC@Dl|1
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...

Every G < Aut(Tx) preserves each level X*, hence acts on it.

Definition (Level stabilizer)

For ¢ € N, the level ¢ stabilizer is
Stg(£) = ker(G — Sym(X*)) = [ Ste(v).

veX*t

Example (Binary adding machine)

The element a acts on X* as a cycle of length 2°.
Hence a2 ¢ St(s)(£); in fact, Olc@DHO

St<a>(€) = (aze). O|OC@Dl|1

Remark
The groups St (¢) form a residual chain. For (a) 2 Z, itis Z>2Z>4Z > ...
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Definition (Rigid vertex stabilizer)

For each G < Aut(Tx) and each v € X*, the rigid vertex stabilizer of v in G,
denoted by RiStg(v), is defined as the subgroup of Stg(v) that fixes every word
that does not start with v.
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Definition (Rigid vertex stabilizer)

For each G < Aut(Tx) and each v € X*, the rigid vertex stabilizer of v in G,
denoted by RiStg(v), is defined as the subgroup of Stg(v) that fixes every word
that does not start with v.

The element (id, o, id, id, id) lies in RiStau(7,)(x2) for every a € Aut(Tx).
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Definition (Rigid vertex stabilizer)

For each G < Aut(Tx) and each v € X*, the rigid vertex stabilizer of v in G,
denoted by RiStg(v), is defined as the subgroup of Stg(v) that fixes every word
that does not start with v.

The element (id, o, id, id, id) lies in RiStay(7,)(x2) for every a € Aut(Tx).

Example

Consider the binary adding machine a = o - (id, a). Then St(,(1) = (a%), while
RiSt(,)(v) = 1 for every v € X™:

a®=0-(id,a)-o-(id,a) = (a,id) - (id, a) = (a, a).
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Definition (Rigid level stabilizer)
For ¢ € N, set

RiStg(£) = (RiStg(v) | v € X*) < Stg(£).
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Definition (Rigid level stabilizer)
For ¢ € N, set

RiStg(£) = (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @, .y« RiSts(v).
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Definition (Rigid level stabilizer)
For ¢ € N, set

RiStg(£) = (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @, .y« RiSts(v).

Example

) ¢
RiStaut(7y)(€) = Aut(Tx)™ = Stau(re) (£).
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Definition (Rigid level stabilizer)
For £ e N, set

RiStg () := (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @,y RiSte(v).

. ¥4
RiStaut(7y) (£) = Aut(Tx)™ = Stau(7) (£).-

Example

For the binary adding machine a:
RiSt<a>(v):1 VveX”*, |V|>0 — RiSt<a)(£):1 (KZ].)
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Definition (Rigid level stabilizer)
For £ e N, set

RiStg () := (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @,y RiSte(v).

. ¥4
RiStaut(7y) (£) = Aut(Tx)™ = Stau(7) (£).-

Example

For the binary adding machine a:
RiSt<a>(v):1 VveX”*, |V|>0 — RiSt<a)(£):1 (KZ].)
Indeed, let a"” € RiSt(,(v) with [v|> 0.
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Definition (Rigid level stabilizer)
For £ e N, set

RiStg () := (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @,y RiSte(v).

. ¥4
RiStaut(7y) (£) = Aut(Tx)™ = Stau(7) (£).-

Example

For the binary adding machine a:
RiSt<a>(v):1 VveX”*, |V|>0 — RiSt<a)(£):1 (KZ].)
Indeed, let a"” € RiSt(,(v) with [v|> 0.

e 3" fixes a vertex of X™ for every m > |v|.
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Definition (Rigid level stabilizer)
For £ e N, set

RiStg () := (RiStg(v) | v € X*) < Stg(£).
Since the factors have disjoint support, we have RiStg(¢) = @,y RiSte(v).

. ¥4
RiStaut(7y) (£) = Aut(Tx)™ = Stau(7) (£).-

Example
For the binary adding machine a:

RiSt<a>(v):1 VveX”*, |V|>0 — RiSt<a)(£):1 (KZ].)
Indeed, let a"” € RiSt(,(v) with [v|> 0.

e 3" fixes a vertex of X™ for every m > |v|.
e ais a2M-cycle on X, so 2™ | n for all m > |v|; hence n=0.
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) # 1 for every v e X*.
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) # 1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) # 1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.
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Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if
e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) %1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.

Example

e Aut(Tx) is branch.
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Definition ((Weakly) branch and branch (sub)groups)
A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) %1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.

Example

e Aut(Tx) is branch.

e The binary adding-machine group (a) is spherically
transitive, but not weakly branch.
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Definition ((Weakly) branch and branch (sub)groups)
A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) %1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.

Example

e Aut(Tx) is branch.
e The binary adding-machine group (a) is spherically
transitive, but not weakly branch.

e Let A be the automaton given by the Moore diagram on the a
right. The Basilica group B is given by

1)1

N
B = G(A) = (a, b). ot

o

0]0, 1

Eduard Schesler (KIT) Automata and groups 18. September 2026

1

0]1



Definition ((Weakly) branch and branch (sub)groups)

A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) %1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.

Example

e Aut(Tx) is branch.

e The binary adding-machine group (a) is spherically
transitive, but not weakly branch.

e Let A be the automaton given by the Moore diagram on the a Lt

right. The Basilica group B is given by 5
B=G(A) = (a,b). | |

Grigorchuk—Zuk (2002): B is weakly branch. 9‘.
0lo, 1]1
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Definition ((Weakly) branch and branch (sub)groups)
A subgroup G < Aut(Tx) is weakly branch if

e G is spherically transitive, i.e. it acts transitively on X* for every ¢;
e RiStg(v) %1 for every v e X*.

It is a branch subgroup if, in addition, [G : RiStg(¢)] < oo for every £.
Abstract groups with such actions are called (weakly) branch groups.

Example

e Aut(Tx) is branch.
e The binary adding-machine group (a) is spherically
transitive, but not weakly branch.
e Let A be the automaton given by the Moore diagram on the a Lt

right. The Basilica group B is given by 5
B=G(A) = (ab). | |

Grigorchuk—Zuk (2002): B is weakly branch. 9‘.
Bartholdi—Nekrashevych (2008): B is not branch. 00, 11
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Segal-Wilson construction

Construction (Segal)
Let d > 5 and let X = {x1,...,xq}.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Segal-Wilson construction

Construction (Segal)

Let d >5 and let X = {xy,...,xq}. For each o € Alt(X), define tree
automorphisms ¢ and & by

(1) o(xw) =a(x)w, for all x e X, we X",
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Segal-Wilson construction

Construction (Segal)

Let d >5 and let X = {xy,...,xq}. For each o € Alt(X), define tree
automorphisms ¢ and & by
(1) o(xw) =a(x)w, for all x e X, we X",

¥

xo(w), if x=x,
(2) d(xw)={x5(w), ifx=xq,

Xw, otherwise.
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Segal-Wilson construction

Construction (Segal)

Let d >5 and let X = {xy,...,xq}. For each o € Alt(X), define tree
automorphisms ¢ and & by
(1) o(xw) =a(x)w, for all x e X, we X",

xo(w), if x=x, i
(2) d(xw)={x5(w), ifx=xq,

Xw, otherwise.

We define Ty = (Alt(X), Alt(X)) < Aut( Tx).
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Segal-Wilson construction

Construction (Segal)

Let d >5 and let X = {xy,...,xq}. For each o € Alt(X), define tree
automorphisms ¢ and & by
(1) o(xw) =a(x)w, for all x e X, we X",

4G

xo(w), if x=x,
(2) d(xw)={x5(w), ifx=xq,

Xw, otherwise.

We define Ty = (Alt(X), Alt(X)) < Aut( Tx).

Remark
Equivalently, Segal’s group Iy is
generated by

s=0(1,...,1) and 5= (6,1,...,1,5),
where o € Alt(X).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof: the commutator trick.

o Alt(X)x1x-x1< RiStr, (x1):
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof: the commutator trick.
. AIt(X) x1x - x1<RiStr,(x1):
e Let 01,02 € Alt(X) and let 7 € Stap(x)(x1) with 7(xq) # xq.

g1=(01,1,...,1,31),
X1 Xd
02:(02717' , 02 717 al
x 7 (x0) <
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof: the commutator trick.
. AIt(X) x1x - x1<RiStr,(x1):
e Let 01,02 € Alt(X) and let 7 € Stap(x)(x1) with 7(xq) # xq.

X1 Xd
(o)} —(02717' ) 612 717 al
x 7 (x0) <

e The tuples overlap only in the x;-coordinate, so
[51,55] = ([é’l,dz], 17 oo .,1) = ([0‘1,0’2]7 ]_, ey ].)
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof: the commutator trick.
. AIt(X) x1x - x1<RiStr,(x1):
e Let 01,02 € Alt(X) and let 7 € Stap(x)(x1) with 7(xq) # xq.

X1 Xd
(o)} —(02717' ) 612 717 al
x 7 (x0) <

e The tuples overlap only in the x;-coordinate, so
[51,55] = ([é’l,dz], 17 ceey 1) = ([0‘1,0’2]7 ]_, ey ].)
e Perfectness of Alt(X) implies that these elements generate the claimed copy.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof: the commutator trick.

o Alt(X)x1x-x1< RiStr, (x1).

Eduard Schesler (KIT) Automata and groups 18. September 2026



Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1):
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1):
. . X
o Conjugating the first inclusion by Alt(X) gives Alt(X) < RiStr,(1).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).
o ' <RiStr,(1):
o Conjugating the first inclusion by Alt(X) gives AIt(X)X < RiStr, (1).
e For every o € Alt(X), we have
(6,1,...,1,8) (671 1,...,1)=(1,...,1,5),
and hence
1x--x1xAlt(X) < RiStr, (xq).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

. AIt(X) x1x - x1<RiStr,(x1).
o I} <RiStr,(1):
o Conjugating the first inclusion by Alt(X) gives AIt(X)X < RiStr, (1).
e For every o € Alt(X), we have
(6,1,...,1,8) (671 1,...,1)=(1,...,1,5),
and hence

I1x.-x1x Alt(X) < Ristrd(Xd).

— X
e Conjugating once more yields Alt(X) < RiStr,(1).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).
o ' <RiStr,(1):
o Conjugating the first inclusion by Alt(X) gives AIt(X)X < RiStr, (1).
e For every o € Alt(X), we have
(6,1,...,1,8) (671 1,...,1)=(1,...,1,5),
and hence
1x--x1xAlt(X) < RiStr, (xq).

—
Conjugating once more yields Alt(X) < RiStr,(1).
SN
(Alt(X)", Alt(X)" ) =T <RiStr,(1).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
o IX" <RIStr,(0) (£21):
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).
o X <RiStr,(1).
o IX" <RIStr,(0) (£21):
e Equivalently, for each v € X* and each v € 'y there exists 7 € [y with
Fixe=id,  F=7  Fw=1 (weX'\{v}).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
o IX" <RIStr,(0) (£21):
e Equivalently, for each v € X and each v € Iy there exists 7 € [y with
Axe=id,  F=v,  Fw=1 (weX‘\{v}).
o Assume the claim at level £> 1. For vx € X1 and ~v €Ty, choose
veStr,(D): vn=v =1 (yx),
FeStr,(): F=9, Fu=1 (weX’ w=v).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

. AIt(X) x1x - x1<RiStr,(x1).
o ' <RiStr,(1).
o IX" <RIStr,(0) (£21):
e Equivalently, for each v € X* and each v € 'y there exists 7 € [y with
Hxe=id,  F=v, Aw=1 (weX‘\{v}).
o Assume the claim at level £> 1. For vx € X1 and ~v €Ty, choose
Y eStr,(1): v=v =1 (y#x),
FeStr,(0): F=7, Fw=1 (weX’ w#v).
1, w#yv,
Then ;‘V-’|X‘3Jr1 = id, Ywy = (;‘yw)y =11, w=v, y#x,
Y, W=V, y=X.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
o IX' <RIStr,(0) (£21).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

. AIt(X) x1x - x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in [4:
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
o IX' <RIStr,(0) (£21).
e Every section of an element of Iy lies in [4:
e For the generators and every v with |v|>1,

dv=1€rd, 5V€{1,(-7,3}§rd.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).
o ' <RiStr,(1).
o IX' <RIStr,(0) (£21).
e Every section of an element of Iy lies in [4:
e For the generators and every v with |v|>1,

dv=1€rd, 5V€{1,(-7,3}§rd.
e Using (gh), = gn(v)hv, induction on word length gives
Y ely (yelg, veX).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

. AIt(X) x1x - x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
o Str, () =RiStr,(0) = X" (£21):
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
o Str, () =RiStr,(0) = X" (£21):

e If v €Str,(£), then its action on X" is trivial and all its level-¢ sections lie in
4. Hence

y)
Y= (’Yv)veXz € rf; .
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
o Str, () =RiStr,(0) = X" (£21):

e If v €Str,(£), then its action on X" is trivial and all its level-¢ sections lie in
4. Hence

£
Y= (’Yv)veXz € rf; .
e Consequently,

rX* <RiStr, (¢) < Str,(¢) <TX".
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

o Alt(X)x1x-x1< RiStr, (x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
o Str, () =RiStr,(0) = X" (£21).
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
Str,(£) = RiStr, (£) =TX" (£21).

e T4 acts transitively on every level X*:
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
Str,(£) = RiStr, (£) =TX" (£21).

e T4 acts transitively on every level X*:

o Let w =x;-x;, € X’ and choose ; € Alt(X) with oj(x;) = X
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
Str,(£) = RiStr, (£) =TX" (£21).

e T4 acts transitively on every level X*:

o Let w =x;-x;, € X’ and choose ; € Alt(X) with oj(x;) = X
o Set yD eRiStr, () with 70, = 6, for 1< < 4.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
Str,(£) = RiStr, (£) =TX" (£21).

e T4 acts transitively on every level X*:

o Let w=x;-x;, € X‘ and choose oj € Alt(X) with oj(x1) = x; .
e Set ) e RiStr, (xJ 1Y with ~

Y Set fy = 7(1)7(2)...7(8) Then (X].) w:

l—ajfor1<j<€
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.
Str,(£) = RiStr, (£) =TX" (£21).

e [y acts transitively on every level X*.
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Segal-Wilson construction

Lemma (Segal)

The group 'y = <c'r, 5=(5,1,...,1,5) | o€ AIt(X)) is a branch group.

Proof continued.

o Alt(X) x1x-x1<RiStr,(x1).

o ' <RiStr,(1).

o IX' <RIStr,(0) (£21).

e Every section of an element of Iy lies in Iy.

o Str, () =RiStr,(0) = X" (£21).

e [y acts transitively on every level X*.

e Since X* is finite and Str,(¢) = ker(rd — Sym(Xe)), we obtain
[[q:RiStr,(£)] =[[q4:Str,(£)] < oo.

Hence Iy is branch.
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Growth of groups  History

Definition (Word growth)

Let G be a finitely generated group with finite generating set S. The word growth
function of G is given by

7EN-N, ne#{geG|lgls<n},
where |g|s is the word length of g with respect so S.
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Growth of groups  History

Definition (Word growth)

Let G be a finitely generated group with finite generating set S. The word growth
function of G is given by

7EN-N, ne#{geG|lgls<n},
where |g|s is the word length of g with respect so S.

Example
Let F, be a free group of rank 2 with basis S. Then
V& (n)=2-3"-1.
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Growth of groups  History

Definition (Word growth)

Let G be a finitely generated group with finite generating set S. The word growth
function of G is given by

7EN-N, ne#{geG|lgls<n},
where |g|s is the word length of g with respect so S.

Let F, be a free group of rank 2 with basis S. Then
V& (n)=2-3"-1.

Example
For the standard generating set S of Z2 we have

N5 (n) =2n%+2n + 1.
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Growth of groups  History

Theorem (Gromov; 1981)

A finitely generated group has polynomial growth if and only if it is virtually
nilpotent.
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Growth of groups  History

Theorem (Gromov; 1981)

A finitely generated group has polynomial growth if and only if it is virtually
nilpotent.

Theorem (Milnor, Wolf; 1968)

A finitely generated solvable group has polynomial growth if it is virtually
nilpotent, and exponential growth otherwise.
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Growth of groups  History

Theorem (Gromov; 1981)

A finitely generated group has polynomial growth if and only if it is virtually
nilpotent.

Theorem (Milnor, Wolf; 1968)

A finitely generated solvable group has polynomial growth if it is virtually
nilpotent, and exponential growth otherwise.

Question (Milnor; 1968)

Does every finitely generated group have either polynomial or exponential growth?
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Growth of groups  History

Theorem (Gromov; 1981)

A finitely generated group has polynomial growth if and only if it is virtually
nilpotent.

Theorem (Milnor, Wolf; 1968)

A finitely generated solvable group has polynomial growth if it is virtually
nilpotent, and exponential growth otherwise.

Question (Milnor; 1968)

Does every finitely generated group have either polynomial or exponential growth?

Theorem (Grigorchuk; 1984)

There is a group G whose growth function satisfies

eV <~g(n)<e™ for some 3 < a < 1.
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Theorem (Erschler, Zheng; 2020)

The growth function of Grigorchuk’s group G satisfies

log(log(13(n))) _ oo log(2)
n=ce  log(n) 70 log(2) - log(M)’
where ) is the positive real root of X3 + X%+ X - 2.
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Theorem (Erschler, Zheng; 2020)

The growth function of Grigorchuk’s group G satisfies

log(logh5(m)) _ | log(2)
n—o0 log(n) ’ log(2) — log(\)’

where ) is the positive real root of X3 + X%+ X - 2.

Conjecture (Grigorchuk’s Gap Conjecture; 1990)

Every finitely generated group whose growth function grows slower than eV™ is
virtually nilpotent.
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Growth of groups  History

Theorem (Erschler, Zheng; 2020)

The growth function of Grigorchuk’s group G satisfies

log(logh5(m)) _ | log(2)
n—oo log(n) ’ log(2) — log(\)’

where ) is the positive real root of X3 + X%+ X - 2.

Conjecture (Grigorchuk’s Gap Conjecture; 1990)

Every finitely generated group whose growth function grows slower than eV™ is
virtually nilpotent.

Theorem (Shalom, Tao; 2010)

If G is not virtually nilpotent then 4% (n) > n€(loglogm®,
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Growth of groups  History

Theorem (Erschler, Zheng; 2020)

The growth function of Grigorchuk’s group G satisfies

log(logh5(m)) _ | log(2)
n—oo log(n) ’ log(2) — log(\)’

where ) is the positive real root of X3 + X%+ X - 2.

Conjecture (Grigorchuk’s Gap Conjecture; 1990)

Every finitely generated group whose growth function grows slower than eV™ is
virtually nilpotent.

Theorem (Shalom, Tao; 2010)

If G is not virtually nilpotent then 4% (n) > n€(loglogm®,

Theorem (Eberhard, Maini, Sabatini, Tracey; 2026)

If every non-abelian finite simple group G satisfies diam(G) < (log|G|)°™, then
the Gap conjecture is true for residually finite groups.
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Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. \©/
1

1)1

JV‘IC@ T@

z|z+l
1
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Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. s \ /
e The (first) Grigorchuk group is the automaton group " 1

G:=G(A) =(a,b,c,d) <Aut(Tx).

JV‘IC@ T@
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Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ /
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).

11

+CO 75—
Writing o = (0, 1), the non-trivial states satisfy
a=o-(ee), b=(a,c), c=(a,d), d = (e, b).
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

dr\rc@ T@
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Theorem (Grigorchuk, 1984)

The growth function of G satisfies

1

eV < 'ig(n) <e™ for some 5

where S = {a, b, c,d}.

<a<l,
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

dr\rc@ T@
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

<~

Remark
The states e, b, ¢, d form a Klein four-group:
(b,c,d) ={e,b,c,d} = G x G, b?>=c?=d?=bcd =e.
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

111
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d
a
Q2 ..
111 011
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.
b,c,d d

111 011 € 001
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.
b,c,d d 5 d
a
g a Qb Q a |
111 011 € 001 101
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ﬁ
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group 1
G:=G(A)=(a,b,c,d) <Aut(Tx).
a

11

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d dbd Cb
Q2 Qb QaQ b

111 011 ¢ 001 101 d 100
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group ” 1

G:=G(A)=(a,b,c,d) <Aut(Tx).
a

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d dbd cbc
Q2 Qb QagQ b o

111 011 ¢ 001 101 d 100 000
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group ” 1

G:=G(A)=(a,b,c,d) <Aut(Tx).
a

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d dbd cbc db
Q 2 Qb Qag b g a g b

111 011 ¢ 001 101 d 100 000 € 010

Eduard Schesler (KIT) Automata and groups 18. September 2026



Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group ” 1

G:=G(A)=(a,b,c,d) <Aut(Tx).
a

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d d d c c d d
O @ 0 P Qe 0 % Q8§ b o s

111 011 ¢ 001 101 d 100 000 € 010 110
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Growth of groups  History

Definition (The (first) Grigorchuk group)

0[0
e Let A be the invertible automaton over X = F, with @ "
states Q = {e, a, b, ¢, d} shown on the right. e \ ./
e The (first) Grigorchuk group is the automaton group ” 1

G:=G(A)=(a,b,c,d) <Aut(Tx).
a

/CO——®

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.

b,c,d d d c c d d b,c,d
Q a O b g a o b g a @ b g a (@
111 011 € 001 101 d 100 000 ¢ 010 110
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Growth of groups  History

Definition (The (first) Grigorchuk group)

@ 0[0 @
e Let A be the invertible automaton over X = F» with R
states Q = {e, a, b, ¢, d} shown on the right. - \

o The (first) Grigorchuk group is the automaton group 7 1

G:=G(A)=(a,b,c,d) <Aut(Tx).
a b

<~

L CO @

Example (Discovering the orbit of 111)

e Discover the orbit of 111 by successively applying the generators.
b,c,d d d c c d d b,c,d
Q a2 Q b a @ b g a @ b g aQ
111 011 € 001 101 d 100 000 € 010 110

e The graph is palindromic: reflection in its midpoint preserves all labels.
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Growth of groups  Inverted orbit growth

Definition (Schreier graph)
The Schreier graph Sch(G, X, S) associated to an action G ~ X and a generating
set S is the graph with vertex set X such that for every x € X and s € S there is a
directed edge x —> xs, labeled by s.
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Growth of groups  Inverted orbit growth

Definition (Schreier graph)

The Schreier graph Sch(G, X, S) associated to an action G ~ X and a generating
set S is the graph with vertex set X such that for every x € X and s € S there is a
directed edge x —> xs, labeled by s.

Fact

Every S-labeled graph in which each vertex has exactly one incoming and one
outgoing s-edge for every s € S is the Schreier graph of some action.
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Growth of groups  Inverted orbit growth

Definition (Schreier graph)

The Schreier graph Sch(G, X, S) associated to an action G ~ X and a generating
set S is the graph with vertex set X such that for every x € X and s € S there is a
directed edge x — xs, labeled by s.

Every S-labeled graph in which each vertex has exactly one incoming and one
outgoing s-edge for every s € S is the Schreier graph of some action.

Notation (Try(w))

For a word w = 515, ...5, € S* and a point x € X, let
Tre(w) = {x, XS1, X512, ..., XS1...S¢ }

denote the trajectory from x to xs; ...s, that is labeled by s; ... sp.

s1 S2 Se
X —> XS —> XS15 —> =+ —> XS1...5p.
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Growth of groups  Inverted orbit growth

Notation (Try(w))

For a word w = s155...50€ S* and a point x € X, let

Tre(w) = {x, xS1, X512, -+ ., XS1 ... Sg }.
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Growth of groups  Inverted orbit growth

Notation (Try(w))
For a word w = s155...50€ S* and a point x € X, let
Tre(w) = {x, xS1, X512, -+ ., XS1 ... Sg }.

Observation
Let G ~ X be a transitive right action on an infinite set X and let S be a
generating set of G. For every x € X and every ne€ N we have

sup | Tre(w)|=n+1.

|wl=n
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Growth of groups  Inverted orbit growth

Notation (Try(w))
For a word w = s155...50€ S* and a point x € X, let

Tre(w) = {x, xS1, X512, -+ ., XS1 ... Sg }.

Let G ~ X be a transitive right action on an infinite set X and let S be a
generating set of G. For every x € X and every ne€ N we have

sup | Tre(w)|=n+1.

|wl=n

Definition (Inverted orbit)
With G, X, S, x,w as above, the inverted orbit of w at x is defined as

Ox(w) == {x, XSg, XS¢_1S¢,.--, XS1...S¢ }.
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Growth of groups  Inverted orbit growth

Notation (Try(w))

For a word w = s155...50€ S* and a point x € X, let

Tre(w) = {x, xS1, X512, -+ ., XS1 ... Sg }.

Let G ~ X be a transitive right action on an infinite set X and let S be a
generating set of G. For every x € X and every ne€ N we have

sup | Tre(w)|=n+1.

|wl=n

Definition (Inverted orbit)

With G, X, S, x,w as above, the inverted orbit of w at x is defined as

Ox(w) == {x, XSg, XS¢_1S¢,.--, XS1...S¢ }.

Question
What can be said about A3 (n) = supj,-, |Ox(w)|?
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Growth of groups  Inverted orbit growth

What can be said about A2(n) := SUP|yj=n [Ox(W)]?
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Growth of groups  Inverted orbit growth

What can be said about A2(n) := SUP|yj=n [Ox(W)]?

Fact (Bartholdi, Erschler; 2012)

For transitive actions on infinite sets we have \/n < A3(n) <n
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Growth of groups  Inverted orbit growth

What can be said about A2(n) := SUP|yj=n [Ox(W)]?

Fact (Bartholdi, Erschler; 2012)

For transitive actions on infinite sets we have \/n < A3(n) <n

Fact (Cornulier; 2025)

If G is solvable, then AZ(n) ~ n for transitive actions on infinite sets.
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Growth of groups  Inverted orbit growth

What can be said about A3 (n) := supj,j-, |Ox(w)|?

Fact (Bartholdi, Erschler; 2012)

For transitive actions on infinite sets we have \/n < A3(n) <n

Fact (Cornulier; 2025)

If G is solvable, then A2 (n) ~ n for transitive actions on infinite sets.

Notation ()

Let p=1% €€ =0T and let I, denote the Schreier graph of G ~ {0,1}*p w.r.t.
S:={a,b,c,d}.

a b a b a b a
FOO .—.T.—.—.—.T.—.— LX)
P 0p 00p 100 100p 000pP 010p 1100
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Growth of groups  Inverted orbit growth

Notation (')

Let p=1% €€ =09T and let I, denote the Schreier graph of G ~ {0,1}*p w.r.t.
S:={a,b,c,d}.

a b a b b a
Iv o—o—o—o—o—o—o—o— oo
P 0p 000 10p 100p 0000 0100 110p
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Growth of groups  Inverted orbit growth

Notation (')

Let p=1%° €€ =9T and let [, denote the Schreier graph of G ~{0,1}*p w.r.t.
S:={a,b,c,d}.

a b a b a b
I e e ———o——o— o——-eo
P 0p 000 10p 100p 0000 0100 110p

Theorem (Bartholdi, Erschler; 2012)

For the action of G on {0,1}*p there are C >0 and 0 < @ <1 with
Ai(n)SCno‘ and  [{O,(w) ||w|<n}| <exp(Cn®).
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Growth of groups  Inverted orbit growth

Notation (')

Let p=1%° €€ =9T and let [, denote the Schreier graph of G ~{0,1}*p w.r.t.
S:={a,b,c,d}.

F a b a b a b
o @ e ——o——o— o —— oo

p 0p 00p 10p 100p o00p ¢ o10p 110p

Theorem (Bartholdi, Erschler; 2012)

For the action of G on {0,1}*p there are C >0 and 0 < @ <1 with
Ai(n)SCno‘ and  [{O,(w) ||w|<n}| <exp(Cn®).

Theorem (Bartholdi, Erschler; 2012)

The group Sym¢({0,1}*p) x G has intermediate growth. In particular, there are
groups of intermediate growth that are not residually finite.
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Growth of groups  Inverted orbit growth

Definition (The Gupta—Sidki 3-group)
e Let A be the invertible automaton over X = F3 22
with states Q = {e, a,3, b} shown on the right,

where a=¢ and b= (a,a,b).
e The Gupta-Sidki 3-group is the automaton group
G:=G(A) = (a,b) <Aut(Tx).
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Growth of groups  Inverted orbit growth

Definition (The Gupta—Sidki 3-group)

e Let A be the invertible automaton over X = [F3
with states Q = {e, a,3, b} shown on the right,
where a=¢ and b= (a,a,b).

e The Gupta-Sidki 3-group is the automaton group
G := G(A) =(a,b) < Aut(Tx).

000 100 001 & 101 002 102
b b b
220 221 222
b a b b a b b a b
020 120 021 121 022 122
010 110 011 111 012 112
a a a
e b *211 e
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Example (Discovering the orbit of 000000)

The orbit of 000000 under the Gupta—Sidki group G = (a, b) by successively
applying a and b.

L /A
AL

s
\ ‘ A'A\/'A'A

,55

VY
AN

AY/AVA

A A

t'g\ /’:‘A
Ay m\ In A
PAWAYAY, A

\ ‘ / 'AWA"A
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Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?
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Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?

Theorem (Chou; 1980)

e Groups of intermediate growth are not elementary amenable.
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Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?

Theorem (Chou; 1980)

e Groups of intermediate growth are not elementary amenable.
e Infinite finitely generated torsion groups are not elementary amenable.
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Examples and applications = Day's problem

Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?

Theorem (Chou; 1980)

e Groups of intermediate growth are not elementary amenable.
e Infinite finitely generated torsion groups are not elementary amenable.

Theorem (Juschenko; 2018)

Finitely generated branch groups are not elementary amenable.
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Examples and applications = Day's problem

Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?

Theorem (Chou; 1980)

e Groups of intermediate growth are not elementary amenable.

o Infinite finitely generated torsion groups are not elementary amenable.

Theorem (Juschenko; 2018)

Finitely generated branch groups are not elementary amenable.

Remark

It is unknown whether there exists a finitely presented group that is of
intermediate growth, infinite torsion, or branch.
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Examples and applications = Day's problem

Problem (Day; 1957)

Does there exist an amenable group that is not elementary amenable?

Theorem (Chou; 1980)

e Groups of intermediate growth are not elementary amenable.

o Infinite finitely generated torsion groups are not elementary amenable.

Theorem (Juschenko; 2018)

Finitely generated branch groups are not elementary amenable.

It is unknown whether there exists a finitely presented group that is of
intermediate growth, infinite torsion, or branch.

Problem

Does there exist a finitely presented amenable group that is finitely presented but
not elementary amenable?
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Examples and applications = Day's problem

Definition (Finite L-presentation)

A group G is said to have a finite L-presentation if there are finite sets S, Q, R
and an endomorphism ¢ of the free group F(S) such that

G=(s \ Q@ vU¥'(R)).

>0
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Examples and applications = Day's problem

Definition (Finite L-presentation)

A group G is said to have a finite L-presentation if there are finite sets S, Q, R
and an endomorphism ¢ of the free group F(S) such that

G = (5 | Q uUap’(R)).

>0

The lamplighter group is not finitely presented; its standard presentation
G 7 = (a, t | &, |[&, atf] (i> 1))

has infinitely many relators.
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Examples and applications = Day's problem

Definition (Finite L-presentation)

A group G is said to have a finite L-presentation if there are finite sets S, Q, R
and an endomorphism ¢ of the free group F(S) such that

G = (5 | Q uUap’(R)).

>0

The lamplighter group is not finitely presented; its standard presentation
G Z=(a,t| 7, &, atf] (i>1))
has infinitely many relators. Setting ©(a) = a'a and (t) = t, we obtain

CoiZ = (a, t | ©'(a°), @i([a,at]) (i > 0))
Hence the lamplighter group has a finite L-presentation.
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Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:

G = (a,c,d ‘ o'(a?), goi((ad)“), gai((adacac)4) (i O)),
where ¢(a) = aca, p(c) =cd, p(d) =c.
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Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:

G = (a,c,d ‘ o'(a?), goi((ad)“), gai((adacac)4) (i O)),
where ¢(a) = aca, p(c) =cd, p(d) =c.

The map ¢ defines an injective endomorphism of G.
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Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:

G = (a,c,d ‘ o'(a?), goi((ad)“), gai((adacac)4) (i O)),
where ¢(a) = aca, p(c) =cd, p(d) =c.

The map ¢ defines an injective endomorphism of G.

Remark (Grigorchuk; 1999)

No relator follows from the others, so G is not finitely presented.
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Examples and applications = Day's problem

Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:

G=(ac.d | o'(a?), goi((ad)“), gai((adacac)4) (i 0)),
where ¢(a) = aca, p(c) =cd, p(d) =c.

Remark
The map ¢ defines an injective endomorphism of G.

Remark (Grigorchuk; 1999)

No relator follows from the others, so G is not finitely presented.

Theorem (Bartholdi; 2003)

Every finitely generated, contracting, regular branch group is finitely L-presented.
This covers the Gupta—Sidki groups.
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Observation

Let G = (S | ©'(r), reRy, i> O) be finitely L-presented with ¢ injective on G,
and put

M=(S,t|Ro, s"=(s) (se9)).
Then
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Observation

Let G = (S | ©'(r), reRy, i> O) be finitely L-presented with ¢ injective on G,
and put

=(S,t| Ro, s"=¢(s) (s€9)).
Then
o w'=p(w) for every w e F(S);
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Observation

Let G = (S | ©'(r), reRy, i> O) be finitely L-presented with ¢ injective on G,
and put

=(S,t| Ro, s"=¢(s) (s€9)).
Then
o w'=p(w) for every w e F(S);

o rt' = ©'(r)=1forall re Ry and all i > 0, so every relator of the L-presentation
holds in T;
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Observation

Let G = (S | ©'(r), reRy, i> O) be finitely L-presented with ¢ injective on G,
and put
M=(S,t|Ro, s"=(s) (se9)).

Then

o w'=p(w) for every w e F(S);

o rt' = ©'(r)=1forall re Ry and all i > 0, so every relator of the L-presentation

holds in T;
e [ js the ascending HNN-extension
r= ( U t’Gt") x (t),
i>0

in particular G <T;
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Examples and applications = Day's problem
Observation

Let G = (S | ©'(r), reRy, i> O) be finitely L-presented with ¢ injective on G,
and put
M=(S,t|Ro, s"=(s) (se9)).
Then
o w'=p(w) for every w e F(S);
o rt' = ©'(r)=1forall re Ry and all i > 0, so every relator of the L-presentation
holds in T;
e [ js the ascending HNN-extension
r= ( U t’Gt") x (t),
i>0
in particular G <T;

e [ js finitely presented.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:
G = (a,c,d | o' (a%), @i((ad)4), wi((adacac)“) (i> 0))
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Examples and applications = Day's problem

Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:
G = (a,c, d | o' (a%), gpi((ad)4), cpi((adacac)4) (i> 0))

Theorem (Grigorchuk; 1998)

The group
M=(a,c,d,t|a% (ad)*, (adacac)?, a' = aca, c' =cd, d' =c)

is finitely presented, amenable, but not elementary amenable.
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Examples and applications = Day's problem

Theorem (Lysenok; 1985)

The Grigorchuk group is finitely L-presented:
G = (a,c, d | o' (a%), gpi((ad)4), npi((adacac)4) (i> 0))

Theorem (Grigorchuk; 1998)

The group

M=(a,c,d,t|a% (ad)*, (adacac)?, a' = aca, c' =cd, d' =c)

is finitely presented, amenable, but not elementary amenable.

Proof.

M= (U,-Zo tigt‘i) x (t) contains G, hence is not elementary amenable.
G has subexponential growth, hence is amenable.

Directed unions of amenable groups are amenable.

Extensions of amenable groups by amenable groups are amenable.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = nILno'no /e (n).
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = nILn;o /e (n).

Theorem (Milnor; 1968)
The limit w(G,S) = limp_e /72 (n) exists.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = lim /72(n).
Theorem (Milnor; 1968)

The limit w(G,S) = limp_e /72 (n) exists.

Fact
G has exponential growth <= w(G,S) > 1 for one (equivalently every) S.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = lim /72(n).
Theorem (Milnor; 1968)

The limit w(G,S) = limp_e /72 (n) exists.

G has exponential growth <= w(G,S) > 1 for one (equivalently every) S.

o W(F(X),X)=2/X|-1.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = nll_)n;o /e (n).

Theorem (Milnor; 1968)
The limit w(G,S) = limp_e /72 (n) exists.

G has exponential growth <= w(G,S) > 1 for one (equivalently every) S.

o W(F(X),X)=2/X|-1.
e w(PSL2(2), {(§ ). (8 D = V2.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Exponential growth rate)

The exponential growth rate of G with respect to S is defined as

w(G,S) = lim /72(n).
Theorem (Milnor; 1968)

The limit w(G,S) = limp_e /72 (n) exists.

G has exponential growth <= w(G,S) > 1 for one (equivalently every) S.

e Ww(F(X),X)=2|X|-1.
e w(PSL2(Z),{(33), (1)} = V2.
e Collins, Edjvet, Gill (1994): w({a,b|abat = b3),{a, b}) = 2.
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Examples and applications  Uniform vs. non-uniform exponential growth

Whose Cayley graph is this?

Ab

Yo

A portion of a Cayley graph.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Examples and applications  Uniform vs. non-uniform exponential growth

Whose Cayley graph is this?

Ab

Yo

A portion of a Cayley graph.

No, it is Z with respect to a = 2584 and b =4181.
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Examples and applications  Uniform vs. non-uniform exponential growth

Whose Cayley graph is this?

]
T

ﬁ

A portion of a Cayley graph.
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Examples and applications  Uniform vs. non-uniform exponential growth

Whose Cayley graph is this?

]
T

ﬁ

A portion of a Cayley graph.

It is BS(2,3) = (x,y | xy®>x71 = y3) with respect to a=y and b= x ',
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Examples and applications  Uniform vs. non-uniform exponential growth

By enlarging S, one can make w(G,S) arbitrarily large.
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Examples and applications  Uniform vs. non-uniform exponential growth

By enlarging S, one can make w(G,S) arbitrarily large.

By changing S one can typically make the group ‘look larger’.
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Examples and applications  Uniform vs. non-uniform exponential growth

By enlarging S, one can make w(G,S) arbitrarily large.

By changing S one can typically make the group ‘look larger’.

Fact

A group G either admits generating sets Sy such that the ball of radius k in G is
a tree or every generating set of G satisfies a group law.
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Examples and applications  Uniform vs. non-uniform exponential growth

By enlarging S, one can make w(G,S) arbitrarily large.

By changing S one can typically make the group ‘look larger’.

A group G either admits generating sets Sy such that the ball of radius k in G is
a tree or every generating set of G satisfies a group law.

Fact
By changing S it is typically not possible to make the group ‘look smaller’.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Infimal exponential growth rate)

Let G be a finitely generated group. The infimal exponential growth rate of G is
defined by
w(G) := irslfw(G,S),

where the infimum is taken over all finite generating sets of G.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Infimal exponential growth rate)

Let G be a finitely generated group. The infimal exponential growth rate of G is
defined by
w(G) := irslfw(G,S),

where the infimum is taken over all finite generating sets of G.

o If w(G) > 1, then G is said to have uniform exponential growth.
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Infimal exponential growth rate)

Let G be a finitely generated group. The infimal exponential growth rate of G is
defined by
w(G) := irslfw(G,S),

where the infimum is taken over all finite generating sets of G.
o If w(G) > 1, then G is said to have uniform exponential growth.

e If w(G) =1 and G has exponential growth, then G is said to have
non-uniform exponential growth.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Infimal exponential growth rate)

Let G be a finitely generated group. The infimal exponential growth rate of G is
defined by
w(G) := irslfw(G,S),

where the infimum is taken over all finite generating sets of G.
o If w(G) > 1, then G is said to have uniform exponential growth.

e If w(G) =1 and G has exponential growth, then G is said to have
non-uniform exponential growth.

Question (Gromov; 1981)

Does every finitely generated group of exponential growth have uniform
exponential growth?
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Examples and applications  Uniform vs. non-uniform exponential growth

Definition (Infimal exponential growth rate)

Let G be a finitely generated group. The infimal exponential growth rate of G is
defined by
w(G) := irslfw(G,S),

where the infimum is taken over all finite generating sets of G.
o If w(G) > 1, then G is said to have uniform exponential growth.

e If w(G) =1 and G has exponential growth, then G is said to have
non-uniform exponential growth.

Question (Gromov; 1981)

Does every finitely generated group of exponential growth have uniform
exponential growth?

Remark (How to prove uniform exponential growth)

G has uniform exponential growth if there is R € N s.t. for every generating set S of
G there are g, h € G with |g|s, |h|s < R that generate a free monoid.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.
o Koubi; 1998: Non-elementary hyperbolic groups.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.
o Koubi; 1998: Non-elementary hyperbolic groups.

e Bucher, de la Harpe; 2000: ‘Non-trivial" amalgamated free products and HNN-
extensions.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.

o Koubi; 1998: Non-elementary hyperbolic groups.

e Bucher, de la Harpe; 2000: ‘Non-trivial" amalgamated free products and HNN-
extensions.

e Xie; 2007: Non-elementary relatively hyperbolic groups.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.
o Koubi; 1998: Non-elementary hyperbolic groups.

e Bucher, de la Harpe; 2000: ‘Non-trivial" amalgamated free products and HNN-
extensions.

e Xie; 2007: Non-elementary relatively hyperbolic groups.
e Lyons, Pichot, Vassout; 2008: Groups with 5§2)(G ) >0.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.

Koubi; 1998: Non-elementary hyperbolic groups.

Bucher, de la Harpe; 2000: ‘Non-trivial” amalgamated free products and HNN-
extensions.

Xie; 2007: Non-elementary relatively hyperbolic groups.
Lyons, Pichot, Vassout; 2008: Groups with 5§2)(G ) >0.
Mangahas; 2010: Subgroups of mapping class groups of exp. growth.

Gupta, Jankiewicz, Ng; 2023: Groups acting on CAT(0) square complexes with-
out global fixpoints.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.
o Koubi; 1998: Non-elementary hyperbolic groups.

e Bucher, de la Harpe; 2000: ‘Non-trivial" amalgamated free products and HNN-
extensions.

e Xie; 2007: Non-elementary relatively hyperbolic groups.
e Lyons, Pichot, Vassout; 2008: Groups with 5§2)(G ) >0.
e Mangahas; 2010: Subgroups of mapping class groups of exp. growth.

o Gupta, Jankiewicz, Ng; 2023: Groups acting on CAT (0) square complexes with-
out global fixpoints.

e Fujiwara, Sela; 2023: Every hyperbolic group admits a generating set S with
w(G) =w(G,S).
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Positive results in non-positive curvature)

The following groups are of uniform exponential growth.

Koubi; 1998: Non-elementary hyperbolic groups.

Bucher, de la Harpe; 2000: ‘Non-trivial” amalgamated free products and HNN-
extensions.

Xie; 2007: Non-elementary relatively hyperbolic groups.
Lyons, Pichot, Vassout; 2008: Groups with 5§2)(G ) >0.
Mangahas; 2010: Subgroups of mapping class groups of exp. growth.

Gupta, Jankiewicz, Ng; 2023: Groups acting on CAT(0) square complexes with-
out global fixpoints.

Fujiwara, Sela; 2023: Every hyperbolic group admits a generating set S with
w(G) =w(G,S).

Abbott, Ng, Spriano; 2024: Virtually torsion-free acylindrically hyperbolic that
are hierarchically hyperbolic
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.

e Osin; 2003: Elementary amenable groups of exponential growth.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.
e Osin; 2003: Elementary amenable groups of exponential growth.
e Eskin, Mozes, Oh; 2005: Linear groups in char 0 of exponential growth.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.

e Osin; 2003: Elementary amenable groups of exponential growth.

e Eskin, Mozes, Oh; 2005: Linear groups in char 0 of exponential growth.
o Breuillard, Gelander; 2008: Linear groups of exponential growth.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.

Osin; 2003: Elementary amenable groups of exponential growth.

Eskin, Mozes, Oh; 2005: Linear groups in char 0 of exponential growth.

Breuillard, Gelander; 2008: Linear groups of exponential growth.

Breuillard; 2011: For every d there is €(d) > 0 such that
w(G)>1+e(d)

for every finitely generated non-virtually solvable G < GL4(K), K a field.
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Examples and applications  Uniform vs. non-uniform exponential growth

Facts (Results with arithmetic flavor)

The following groups are of uniform exponential growth.

e Osin; 2003: Elementary amenable groups of exponential growth.

e Eskin, Mozes, Oh; 2005: Linear groups in char 0 of exponential growth.

Breuillard, Gelander; 2008: Linear groups of exponential growth.

Breuillard; 2011: For every d there is €(d) > 0 such that
w(G)>1+e(d)

for every finitely generated non-virtually solvable G < GL4(K), K a field.

Theorem (Breuillard, Varja; 2020)

The following are equivalent:

e For every d there is e(d) > 0 such that w(G) > 1+ ¢e(d) for every finitely
generated non-virtually nilpotent G < GL4(Q).

o The Lehmer conjecture holds.
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Question

Why is it so hard to come up with groups of non-uniform exponential growth?

Fact

If G has a quotient of uniform exponential growth, then G is of uniform
exponential growth.

Observation
e FEvery finitely generated infinite group has a just-infinite quotient.
e Infimal exponential growth rates do not increase under taking quotients.

e If G is of non-uniform exponential growth, then every just-infinite quotient of
G is of non-uniform exponential growth or of subexponential growth.
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Examples and applications  Uniform vs. non-uniform exponential growth

Why is it so hard to come up with groups of non-uniform exponential growth?

If G has a quotient of uniform exponential growth, then G is of uniform
exponential growth.

e FEvery finitely generated infinite group has a just-infinite quotient.
e Infimal exponential growth rates do not increase under taking quotients.

e If G is of non-uniform exponential growth, then every just-infinite quotient of
G is of non-uniform exponential growth or of subexponential growth.

Groups of non-uniform exponential growth should appear with ‘higher density’ in
the class of just-infinite groups.
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Examples and applications = The just-infinite perspective

Theorem (Wilson (1971) & Grigorchuk (2000))

Just-infinite groups fall into 3 classes:

e Simple groups: Thompson groups, Burger-Mozes groups...

e Branch groups: Grigorchuk's group, Gutpa-Sidki groups...

o Hereditarily just-infinite groups: Z, Do, PSL,(Z) for n > 3, two exotic families.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Examples and applications = The just-infinite perspective

Theorem (Wilson (1971) & Grigorchuk (2000))

Just-infinite groups fall into 3 classes:

e Simple groups: Thompson groups, Burger-Mozes groups...

e Branch groups: Grigorchuk's group, Gutpa-Sidki groups...

o Hereditarily just-infinite groups: Z, Do, PSL,(Z) for n > 3, two exotic families.

Which of the 3 classes of just-infinite groups contains groups of non-uniform
exponential growth?

Eduard Schesler (KIT) Automata and groups 18. September 2026



Examples and applications = The just-infinite perspective

Theorem (Wilson (1971) & Grigorchuk (2000))

Just-infinite groups fall into 3 classes:

e Simple groups: Thompson groups, Burger-Mozes groups...

e Branch groups: Grigorchuk's group, Gutpa-Sidki groups...

o Hereditarily just-infinite groups: Z, Do, PSL,(Z) for n > 3, two exotic families.

Which of the 3 classes of just-infinite groups contains groups of non-uniform
exponential growth?

Fact
All known examples of hereditarily just-infinite groups are either virtually nilpotent
or of uniform exponential growth.
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Examples and applications = The just-infinite perspective

Theorem (Wilson; 2004)

Every group G of exponential growth with G = G3! x Alt(31) is of non-uniform
exponential growth.
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Every group G of exponential growth with G = G3! x Alt(31) is of non-uniform
exponential growth.

Wilson's groups can be chosen to be branch groups.
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Theorem (Wilson; 2004)

Every group G of exponential growth with G = G3! x Alt(31) is of non-uniform
exponential growth.

Wilson's groups can be chosen to be branch groups.

Fact (Folklore)

Every just-infinite quotient of a Wilson group is a branch group.
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Examples and applications = The just-infinite perspective

Theorem (Wilson; 2004)

Every group G of exponential growth with G = G3! x Alt(31) is of non-uniform
exponential growth.

Wilson's groups can be chosen to be branch groups.

Fact (Folklore)

Every just-infinite quotient of a Wilson group is a branch group.

Fact
All known groups G with G = G3! x Alt(31) are not finitely presented.
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Examples and applications = The just-infinite perspective

Segal’s branch group '3 satisfies 31 = '3 2 Alt(31) = 3] x Alt(31).

:L'ﬂlx&l

afr; (2 < i < 30)

The Moore diagram of Segal's branch group.
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Examples and applications = The just-infinite perspective

Segal’s branch group '3 satisfies 31 = '3 2 Alt(31) = 3] x Alt(31).

Ll,'ulﬂ?xl

afr; (2 < i < 30)

The Moore diagram of Segal’s branch group.

Some of Segal’s branch groups Iy contain free monoids of rank 2. Thus Wilson's
result implies that Ty is of non-uniform exponential growth.
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Examples and applications = The just-infinite perspective

Question (Bartholdi; 2015)

Is there a finitely generated simple group of non-uniform exponential growth?
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Question (Bartholdi; 2015)

Is there a finitely generated simple group of non-uniform exponential growth?

Question (Mann; 2011)

Do finitely presented groups of non-uniform exponential growth exist?

Question (de la Harpe; 2000)

Can a group of non-uniform exponential growth have property (T)?

Question (Minasyan, Osin; 2018)

Does there exist a finitely generated acylindrically hyperbolic group of non-uniform
exponential growth?
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Examples and applications = The just-infinite perspective

Question (Bartholdi; 2015)

Is there a finitely generated simple group of non-uniform exponential growth?

Question (Mann; 2011)

Do finitely presented groups of non-uniform exponential growth exist?

Question (de la Harpe; 2000)

Can a group of non-uniform exponential growth have property (T)?

Question (Minasyan, Osin; 2018)

Does there exist a finitely generated acylindrically hyperbolic group of non-uniform
exponential growth?

Theorem (Sauer, Schesler; 2026)

Each of these questions has an affirmative answer.
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Examples and applications = The just-infinite perspective

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.
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Examples and applications = The just-infinite perspective

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.
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The just-infinite perspective

Thompson's group V is of non-uniform exponential growth.
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Examples and applications = The just-infinite perspective

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.
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Examples and applications

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.

The just-infinite perspective
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Examples and applications = The just-infinite perspective

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.
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Examples and applications = The just-infinite perspective

Theorem (Sauer, S.; 2026)

Thompson's group V is of non-uniform exponential growth.
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Theorem (Sauer, S.; 2026)

Examples and applications

The just-in

te perspective

Thompson's group V is of non-uniform exponential growth.
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