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Self-similarity

Definition (Self-similarity)

• A subset S ⊆ Aut(TX ) is self-similar if sv ∈ S for each s ∈ S and v ∈ X ∗.

• A group action φ : G → Aut(TX ) is self-similar if φ(G ) ⊆ Aut(TX ) is self-
similar.

• A group is self-similar if it admits a faithful self-similar action on some TX .
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• A group is self-similar if it admits a faithful self-similar action on some TX .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if gx ∈ G for all g ∈ G , x ∈ X .

Proof.

• “⇒” This is the special case v = x of the definition.

• “⇐” Recall that gvu = (gv )u for all v , u ∈ X ∗.
• Writing v = x1 . . . xℓ, we obtain

gv =
(
· · · ((gx1)x2)x3 · · ·

)
xℓ
∈ G .
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Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if it admits a generating set S
with sx ∈ G for all s ∈ S and all x ∈ X .

Proof.

• “⇒” Take S = G . For “⇐”, recall that

(gh)x = gh(x) hx , (s−1)x =
(
ss−1(x)

)−1
.

• Writing g = s1 . . . sℓ with si ∈ S ∪ S−1, these identities give gx ∈ G for every
x ∈ X and the first fact applies.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Self-similarity

Definition (Self-similarity)

• A subset S ⊆ Aut(TX ) is self-similar if sv ∈ S for each s ∈ S and v ∈ X ∗.
• A group action φ : G → Aut(TX ) is self-similar if φ(G ) ⊆ Aut(TX ) is self-

similar.
• A group is self-similar if it admits a faithful self-similar action on some TX .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if gx ∈ G for all g ∈ G , x ∈ X .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if it admits a generating set S
with sx ∈ G for all s ∈ S and all x ∈ X .

Proof.

• “⇒” Take S = G . For “⇐”, recall that

(gh)x = gh(x) hx , (s−1)x =
(
ss−1(x)

)−1
.

• Writing g = s1 . . . sℓ with si ∈ S ∪ S−1, these identities give gx ∈ G for every
x ∈ X and the first fact applies.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Self-similarity

Definition (Self-similarity)

• A subset S ⊆ Aut(TX ) is self-similar if sv ∈ S for each s ∈ S and v ∈ X ∗.
• A group action φ : G → Aut(TX ) is self-similar if φ(G ) ⊆ Aut(TX ) is self-

similar.
• A group is self-similar if it admits a faithful self-similar action on some TX .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if gx ∈ G for all g ∈ G , x ∈ X .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if it admits a generating set S
with sx ∈ G for all s ∈ S and all x ∈ X .

Eduard Schesler (KIT) Automata and groups 18. September 2026



Self-similarity

Definition (Self-similarity)

• A subset S ⊆ Aut(TX ) is self-similar if sv ∈ S for each s ∈ S and v ∈ X ∗.
• A group action φ : G → Aut(TX ) is self-similar if φ(G ) ⊆ Aut(TX ) is self-

similar.
• A group is self-similar if it admits a faithful self-similar action on some TX .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if gx ∈ G for all g ∈ G , x ∈ X .

Fact
A subgroup G ⊆ Aut(TX ) is self-similar if and only if it admits a generating set S
with sx ∈ G for all s ∈ S and all x ∈ X .

Example

Automata groups are self-similar. Indeed, for G (A) = ⟨Q⟩ with A = (X ,Q, π, λ)
we have qx = π(q, x) ∈ Q ⊆ G (A) for all q ∈ Q, x ∈ X . In fact, being an
automata group is equivalent to being generated by a finite self-similar set.
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Self-similarity

Fact
It is typically difficult to decide whether a given group G is
• an automata group or can be embedded into an automaton group,

• self-similar or can be embedded into a self-similar group.

Theorem (Bartholdi, Mitrofanov; 2020)

There exist finitely generated self-similar groups with undecidable word problem.

Corollary

There exist self-similar groups that are not automata groups.

Questions

• Zaremsky: Are braid groups self-similar?
• Is SLn(Z) an automata group for n ≥ 3?
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Recognizing self-similarity

Definition (SAffn(R))

Given a commutative, unital ring R and a natural number n ∈ N we write
SAffn(R) ∼= Rn ⋊ SLn(R).

Example

The group SAffn(Z) is self-similar for every n ∈ N.

Proof.

• Let p be a prime, let n ∈ N, and let Ap,n := {0, . . . , p − 1}n.
• The sets ∂TAp,n

∼= A∞
p,n can be identified with

Zn
p = (lim←−

k

Z/pkZ)n = lim←−
k

Zn/pkZn

via (xn) 7→
∞∑
n=0

xip
i .

• The natural action of SAffn(Zp) on Zn
p induces an action on Tp,n.

• Goal: Show that the restricted action SAffn(Z) ↷ Tp,n is self-similar.
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Recognizing self-similarity

Proof continued.

• Let g ∈ SAffn(Z) be given by g(v) = Av + b, where A ∈ SLn(Z), b ∈ Zn.

• Let u ∈ Zn
p and let x ∈ Ap,n, w ∈ Zn

p be such that u = x + pw .
• Let x ′ ∈ Ap,n and b′ ∈ Zn

p be such that Ax + b = x ′ + pb′.
• Then we have

g(u) = A(x + pw) + b = Ax + b + pAw = x ′ + p(Aw + b′),

• ⇒ gx is given by gx(w) = Aw + b′.
• From Ax + b = x ′ + pb′ it follows that b′ ∈ Zn and gx ∈ SAffn(Z).
• ⇒ SAff(Z) is self-similar.
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Recognizing self-similarity

Definition (Virtual endomorphism)

A virtual endomorphism of a group G is a homomorphism f : H → G , where H is
a finite index subgroup in G .

Definition (Essential)

A virtual endomorphism f : H → G is called essential if G contains no non-trivial
normal subgroup N that lies in H and is f -invariant, i.e. f (N) ⊆ N.

Example

The map f : 2Z→ Z, 2x 7→ x is an essential virtual endomorphism.

Example

The map

f : 2Zn ⋊ SLn(Z)→ Zn ⋊ SLn(Z), (2b,A) 7→ (b,A)

is an essential virtual endomorphism.
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Recognizing self-similarity

Fact (Folklore)

Let G ≤ Aut(TX ) be a self-similar subgroup that acts transitively on X . For each
x ∈ X , the map StG (x)→ G , g 7→ gx defines an essential virtual endomorphism
of G .

Example

The map StG (x1)→ G , g 7→ gx1 is an essential virtual endomorphism.
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Recognizing self-similarity

Fact
If G admits an essential virtual endomorphism, then G admits a faithful
self-similar action on a regular rooted tree that is transitive on the first level.

Proof.

• Let φ : H → G be a virtual endomorphism of G .
• Let X = {x1, . . . , xd} ⊆ G be a transversal for G/H with x1 = 1.
• For g ∈ G let g ∈ X denote the representative of gH.
• For g ∈ G let θ(g) ∈ Aut(TX ) be given by θ(g) = π̇g · (gx)x , where

πg ∈ Sym(X ), πg (x) = gx and gx = θ(φ((gx)−1gx))

for each x ∈ X .
• The map θ : G → Aut(TX ) defines a self-similar action, which is faithful if and

only if φ is essential.
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Recognizing self-similarity

Example

Consider the essential virtual endomorphism φ : 2Z→ Z, 2n 7→ n and the
transversal X = {0, 1} of Z/2Z. The corresponding self-similar embedding
θ : Z→ Aut(TX ) satisfies

1 7→ π̇1 · (θ(φ(−1 + 0 + 1 + 0)), θ(φ(−1 + 1 + 1 + 1))) = σ(θ(0), θ(1)),

where σ = (0, 1) ∈ Sym(X ). Thus θ(Z) is generated by the binary adding
machine θ(1) = σ(id, θ(1)).

Fact
The following two properties of a group G are equivalent:
• G admits a faithful self-similar action on a regular rooted tree.
• There exist virtual endomorphisms fi : Hi → G with i ∈ {1, . . . , r} such that

there is no non-trivial normal subgroup N ⊴ G satisfying

N ≤
r⋂

i=1

Hi , fi (N) ≤ N (i = 1, . . . , r).
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Results

Example

The following groups are self-similar:
• finite groups,
• finitely generated abelian groups,
• free nilpotent groups Fr/γc+1(Fr ),
• free groups of finite rank,
• Grigorchuk’s group,
• lamplighter groups A ≀ Z, where A is finite abelian,
• closed orientable surface groups π1(Σg ),
• irreducible arithmetic lattices in linear semisimple Lie groups.

•


1 b c

0 M a
0 0 1

 :
M∈E10(R),

a,bT∈R10, c∈R

⋊σ Z

/Z[√2],

R = Z[
√

2,T , (1+2(1+
√

2)T )−1], σ(T ) = (3+2
√

2)T+1, σ(
√

2) =
√

2.

Here σ acts entry-wise and the quotient removes constant top-right entries.
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Results

Construction
Let G ≤ Aut(TX ) be a finitely generated self-similar group with finite symmetric
generating set S . The action G ↷ TX can be interpreted as an action of a finite
state asynchronous automaton A = (X ,S , π, λ) where
• λ : S × X → X , (s, x) 7→ s(x),
• π : S × X → S∗, (s, x) 7→ w , where the word w represents sx ∈ G .

Indeed, by extending the maps π, λ to S∗ × X ∗ via
• λ(vs, xw) = λ(v , λ(s, x)π(s, x)(w)),
• π(vs, xw) = π(vπ(s, x),w),

for x ∈ X , s ∈ S , v ∈ S∗, and w ∈ X ∗ we obtain s(w) = λ(s,w).

Corollary

There are only countably many finitely generated self-similar groups.

Remark
Self-similar groups with unsolvable word problem cannot be recursively presented.
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Results

Example (SL2(Z))

Consider the generating set S = {a, a−1, b, b−1} of SL2(Z), where

a =

(
1 1
0 1

)
, b =

(
0 −1
1 0

)
.

Let X = {x0, . . . , x7}. Each entry below is (λ(s, x), π(s, x)), where u = baaab−1

and v = au.

a a−1 b b−1

x0 (x2, a) (x1, ε) (x3, ε) (x7, ε)

x1 (x0, ε) (x2, ε) (x6, v) (x2, v)

x2 (x1, ε) (x0, a
−1) (x1, v

−1) (x5, v
−1)

x3 (x3, u) (x3, u
−1) (x4, ε) (x0, ε)

x4 (x6, a) (x5, ε) (x7, ε) (x3, ε)

x5 (x4, ε) (x6, ε) (x2, v) (x6, v)

x6 (x5, ε) (x4, a
−1) (x5, v

−1) (x1, v
−1)

x7 (x7, u) (x7, u
−1) (x0, ε) (x4, ε)

• a(x3x2) = x3u(x2) = x3(baaab
−1)(x2) = x3(baaa)(x5) = . . . = x3(b)(x5) = x3x2.
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Results

Definition (Contracting)

A self-similar action G ↷ TX is contracting if there exists a finite set N ⊆ G such
that for every g ∈ G there is some k ∈ N such that gv ∈ N for every word
v ∈ X ∗ of length > k . The minimal set N with this property is called the nucleus
of the action.

Lemma/Definition (Contraction constants)

Let G ↷ TX be a self-similar action over a finite alphabet X , and let S be a finite
generating set of G . Write |g |S for the word length of g with respect to S .
The action is contracting if and only if there exist

k ≥ 1, 0 < λ < 1, C ≥ 0

such that

|gv |S ≤ λ|g |S + C for all g ∈ G and v ∈ X k .
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Properties of contracting groups

Definition (Contracting)

A self-similar action G ↷ TX is contracting if there exists a finite set N ⊆ G such
that for every g ∈ G there is some k ∈ N such that gv ∈ N for every word
v ∈ X ∗ of length > k . The minimal set N with this property is called the nucleus
of the action.

Examples

The groups generated by the above automata are contracting.
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Polynomial automata Definitions and examples

Definition (Finitary/bounded/polynomial automorphisms)

For each g ∈ Aut(TX ) and each k ∈ N let αk(g) = |{ v ∈ X k | g|v ̸= id }|. We
say that g is
• finitary if (αk(g))k is eventually 0,
• bounded if (αk(g))k is bounded,
• polynomial if (αk(g))k is bounded above by a polynomial function.

Example

The initial automaton Aa in the left resp. middle resp. right figure is finitary resp.
bounded resp. exponential (not polynomial).
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Polynomial automata Definitions and examples

Proposition (Sidki; 2000)

For each finite state automorphism g ∈ Aut(TX ) the sequence (αk(g))k either
grows exponentially or polynomially.

Example

The Moore diagram of a finite state automorphism of T{0,1} of degree 2.

Definition (Bn)

For each n ∈ N0 and each finite set X let Bn(X ) denote the group of all finite
state automorphisms g of TX , whose sequence (αk(g))k is bounded by a
polynomial of degree n.
• B0(X ) is called the group of bounded automata over X .
• Bn(X ) is called the group of polynomial automata of degree n over X .
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Polynomial automata Definitions and examples

Examples

• The groups of Gupta-Sidki and Segal lie in B0(X ) for appropriate X .

• The subgroup G (A) of Aut(TX ) that is generated by the automaton A with
the Moore diagram below does not lie in Bn(X ) for any n ∈ N.

• Vorobets–Vorobets; 2007:
Let A be the automaton on the right. Then

G (A) = ⟨Aa,Ab,Ac⟩ ∼= F3.

The group G (A) does not lie in any Bn(X ).

a

b c

0|1 1|0

0|1
1|0

0|0, 1|1

Aleshin’s automaton (1983).
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Polynomial automata Definitions and examples

Example (The long range graph)

The long range graph Γ is the graph with vertex set Z and whose edges are given

by
∞⋃
k=0

Ek , where Ek = {
(
2k(j − 1

2 ), 2
k(j + 1

2 )
)
| j ∈ Z }.

The long range group is the subgroup ⟨a, b⟩ ≤ Sym(Z), where
• a(x) = x + 2k , where k = min{ k ∈ N | 2k ∤ x } for x ̸= 0 and a(0) = 0,
• b(x) = x + 1 for all x .

The group G (A) generated by the automaton A
with the Moore diagram on the right lies in B1(X )
and is isomorphic to the long-range group.
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Example (The long range graph)

The long range graph Γ is the graph with vertex set Z and whose edges are given

by
∞⋃
k=0

Ek , where Ek = {
(
2k(j − 1

2 ), 2
k(j + 1

2 )
)
| j ∈ Z }.

The long range group is the subgroup ⟨a, b⟩ ≤ Sym(Z), where
• a(x) = x + 2k , where k = min{ k ∈ N | 2k ∤ x } for x ̸= 0 and a(0) = 0,
• b(x) = x + 1 for all x .

The group G (A) generated by the automaton A
with the Moore diagram on the right lies in B1(X )
and is isomorphic to the long-range group.
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Polynomial automata Results

Theorem (Sidki; 2004)

For every n ∈ N0 and every finite set X , the group Bn(X ) does not contain
non-abelian free subgroups.

Question (Sidki; 2004)

Is the group Bn(X ) amenable for every n ∈ N and every finite set X?

Observation
The group B−1(X ) of finitary finite state automorphisms of TX is locally finite
and hence amenable.

Theorem (Bartholdi, Virág; 2005)

The Basilica subgroup of B0({x0, x1}) is amenable.

Theorem (Bartholdi, Kaimanovich, Nekrashevych, Virág; 2006)

The group B0(X ) is amenable for every finite set X .
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Polynomial automata Results

Theorem (Amir, Angel, Virág; 2013)

The group B1(X ) is amenable for every finite set X .

Theorem (Juschenko, Nekrashevych, de la Salle; 2016)

A finitely generated subgroup G ≤ Bn(X ) is amenable if its action on ∂TX is
recurrent.

Theorem (Amir, Angel, Virág; 2024)

The action of every finitely generated subgroup G ≤ B2(X ) on ∂TX is recurrent.

Theorem (Amir, Virág; 2014)

For every finite set X with |X | ≥ 3 the group B3(X ) contains a finitely generated
subgroup whose action on ∂TX is transient.
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Polynomial automata Results

Theorem (Bondarenko; 2011)

Let G ≤ Bm(X ) be a finitely generated group with finite generating set S . There
exists an A > 0 such that for every ξ ∈ ∂TX the growth of the Schreier graph
Γ(G ,S ,G · ξ) is bounded above by n 7→ Alog(n)m+1

.

Example

The long-range graph has quasi-polynomial growth.

Corollary

A subgroup G ≤ Bn(X ) does not have property (T) unless G is finite.
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Polynomial automata Results

Theorem (Bondarenko, Nekrashevich; 2008)

Every finitely generated self-similar subgroup of B0(X ) is contracting.

Theorem (Nekrashevich; 2010)

Contracting groups do not contain non-abelian free groups.

Theorem (Nekrashevich; 2005)

For every contracting subgroup G ≤ Aut(TX ) and every ξ ∈ ∂TX the growth of
the Schreier graph Γ(G , S ,G · ξ) is polynomially bounded from above.

Conjecture (Nekrashevich; 2005)

Contracting groups are amenable.
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Polynomial automata Results

Definition (Contracting)

A self-similar action G ↷ TX is contracting if there exists a finite set N ⊆ G such
that for every g ∈ G there is some k ∈ N such that gv ∈ N for every word
v ∈ X ∗ of length > k . The minimal set N with this property is called the nucleus
of the action.

Example

Let A be the automaton over the alphabet X = {0, 1} that is given by the
Moore-diagram above. The group G (A) is a self-similar contracting group that
does not lie in Bd(X ) for any d ∈ N.
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Growth of groups Bartholdi’s estimates

Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Theorem (Bartholdi; 1998)

For the standard generating set S := {a, b, c, d}, let

γS
G(n) := #{ g ∈ G | |g |S ≤ n }.

Then

exp(
√
n) ⪯ γS

G(n) ⪯ exp(nα), α =
log 2

log 2− log η
,

where η ∈ (0, 1) is the positive root of η3 + η2 + η − 2 = 0.
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Growth of groups Bartholdi’s estimates

Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Lemma
The generators of G satisfy a2 = b2 = c2 = d2 = bcd = (ad)4 = e.
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G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Lemma
The generators of G satisfy a2 = b2 = c2 = d2 = bcd = (ad)4 = e.

Proof.

• We know already that a2 = b2 = c2 = d2 = bcd = e.

• The wreath recursion gives us

(ad)2 = σ̇ · (e, b) · σ̇ · (e, b) = (e, b)σ̇ · (e, b) = (b, e) · (e, b) = (b, b).

• ⇒ (ad)4 = ((ad)2)2 = (b, b)2 = (e, e) = e.
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Growth of groups Bartholdi’s estimates

Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Lemma
The generators of G satisfy a2 = b2 = c2 = d2 = bcd = (ad)4 = e.

Corollary

Let B = ⟨⟨b⟩⟩G . Then G/B is generated by a, d and satisfies a2 = d2 = (ad)4 = e.
Hence G/B is a quotient of D4 and |G/B| = [G : B] ≤ 8.
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Growth of groups Bartholdi’s estimates

Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Lemma
The generators of G satisfy a2 = b2 = c2 = d2 = bcd = (ad)4 = e.

Corollary

Let B = ⟨⟨b⟩⟩G . Then G/B is generated by a, d and satisfies a2 = d2 = (ad)4 = e.
Hence G/B is a quotient of D4 and |G/B| = [G : B] ≤ 8.

Proof.
In G/B we have e = bcd = cd . Thus c = c−1 = d and

G/B = ⟨a, b, c , d⟩ = ⟨a, d⟩.
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Growth of groups Abelianisation and self-similarity

Definition (permutational wreath product)

Let G be a group that acts on a set X and let H be a group. The permutational
wreath product G ≀X H of G and H with respect to G ↷ X is defined as

G ≀X H = G ⋉
⊕
x∈X

H.

Fact
Consider G ≀X H, where X is finite and let φ : H → A be a homomorphism where
A is abelian. The following map is a homomorphism

φ̂ : Γ −→ A, (g , (hx)x∈X ) 7−→
∑
x∈X

φ(hx).

Proof.

φ̂
(
g(hx) g

′(h′x)
)
= φ̂

(
gg ′g ′−1(hx)g

′(h′x)
)
= φ̂

(
gg ′(hg ′xh

′
x)
)
=
∑
x∈X

φ(hg ′xh
′
x)

=
∑
x∈X

φ(hg ′x) +
∑
x∈X

φ(h′x) = φ̂
(
g(hx)

)
+ φ̂

(
g ′(h′x)

)
.

Proof.

φ̂
(
g(hx) · g ′(h′x)

)
= φ̂

(
gg ′g ′−1(hx) · g ′(h′x)

)
= φ̂

(
gg ′(hx)

g ′
· (h′x)

)
φ̂
(
gg ′(hg ′x) · (h′x)

)
= φ̂

(
gg ′(hg ′xh

′
x)
)
=
∑
x∈X

φ(hg ′xh
′
x)

=
∑
x∈X

φ(hg ′x) +
∑
x∈X

φ(h′x) = φ̂(g , (hx)) + φ̂(g ′, (h′x)).
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Fact
Consider G ≀X H, where X is finite and let φ : H → A be a homomorphism where
A is abelian. The following map is a homomorphism

φ̂ : Γ −→ A, (g , (hx)x∈X ) 7−→
∑
x∈X

φ(hx).

Example

Let G ≤ Aut(TX ) be self-similar and let φ : G → A be a morphism to an abelian
group A. For each n ∈ N0, the following map defines a homomorphism

φ̂n : G −→ A, g 7−→
∑
v∈X n

φ(gv ).

Example

Let G ≤ Aut(TX ) be the Grigorchuk group. The map

χ : G −→ Sym(X )3 ∼= F3
2, g 7−→ (σg , σg0σg1 , σg00σg01σg10σg11)

is an epimorphism with kernel [G,G]. Thus Gab ∼= F3
2.
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Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).

Lemma
The element (ad)2 does not lie in B = ⟨⟨b⟩⟩G .

Proof.

• The map χ : StG(1)→ Sym(X ), (g0, g1) 7→ σg0 ·σ(g10)σ(g11) is a homomorphism.
• Let g = σg (g0, g1) ∈ G. If σg = id, then g ∈ StG(1) and we obtain

χ(bg ) = χ(b) = σb0σb10σb11 = σaσaσd = e.

If σg ̸= id, then

χ(bg ) = χ((a, c)σg (g0,g1)) = χ((c, a)(g0,g1)) = χ((c , a)) = σc · σa0σa1 = id .

• Thus B is contained in the kernel of χ.
• χ((ad)2) = χ(dad) = χ((b, e)(e, b)) = χ((b, b)) = σbσb0σb1 = id ·σa · id ̸= id.
• Consequently (ad)2 /∈ B.
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Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).
• The generators of G satisfy a2 = b2 = c2 = d2 = bcd = (ad)4 = e.
• Let B = ⟨⟨b⟩⟩G . Then G/B is generated by a, d and we have c = d .
• The element (ad)2 does not lie in B = ⟨⟨b⟩⟩G .

Corollary

There is an epimorphism

θ : G ↠ D := ⟨a, d⟩ ∼= D4 with a 7→ d , b 7→ 1, c 7→ a, d 7→ a.

Moreover we have ker(θ) = B and θ2(t) = t (t ∈ D).

Proof.

• The map D4 := ⟨s, t | s2, t2, (st)4 ⟩ → ⟨a, d⟩, s 7→ a, t 7→ d is an isomorphism.
• The canonical map ⟨a, d⟩ → G/B defines an isomorphism.
• The map D4 → D4, s 7→ t, t 7→ s defines an isomorphism.

• θ : G y 7→y−−−→ G/B
a 7→a
d 7→d−−−→ D

a 7→s
d 7→t−−−→ D4

s 7→t
t 7→s−−→ D4

s 7→a
t 7→d−−−→ D
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Lemma
There is an injective endomorphism σ : G → G with

σ(a) = ca, σ(b) = d , σ(c) = b, σ(d) = c,

and it satisfies σ(g) = (θ(g), g) for every g ∈ G.

Proof.

• Let q : F4 = F (A,B,C ,D)→ G, A 7→ a,B 7→ b,C 7→ c ,D 7→ d .
• Let σ̃ : F4 → StG(1) ⊆ G × G be given by A 7→ ca,B 7→ d ,C 7→ b,D 7→ c .
• σ̃(A) = ca = (d , a) = (θ(a), a) = (θ(q(A)), q(A)),
• σ̃(B) = d = (e, b) = (θ(b), b) = (θ(q(B)), q(B)),
• σ̃(C ) = b = (a, c) = (θ(c), c) = (θ(q(C )), q(C )),
• σ̃(D) = c = (a, d) = (θ(d), d) = (θ(q(D)), q(D)).
• σ̃(w) = (θ(q(w)), q(w)) for every w ∈ F4.
• If w ∈ ker(q), then σ̃(w) = (e, e). Hence ker(q) ≤ ker(σ̃).
• σ̃ induces a well-defined endomorphism σ : G → G.
• From σ(g) = (θ(g), g) for each g ∈ G it follows that σ is injective.
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Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).
There is an injective endomorphism σ : G → G with

σ(a) = ca, σ(b) = d , σ(c) = b, σ(d) = c.

Lemma
The word metric on G with respect to S = {a, b, c, d} satisfies

|σ(g)|S ≤ 2|g |S + 1 (g ∈ G).

Proof.

• a2 = 1 and {1, b, c , d} is a Klein four-group.
• Every minimal representative w of an element g ∈ G is of the form

s0as1a . . . snasn+1 with s0, sn+1 ∈ {e, b, c , d} and si ∈ {b, c, d} for 1 ≤ i ≤ n.
• Let A and M be the numbers of a-letters, resp. {b, c, d}-letters, in w . Then

|g |S = A+M, A ≤ M + 1.

• We have |σ(a)| = 3 and |σ(y)| = 1 for y ∈ {b, c , d}. Hence

|σ(g)|S ≤ 3A+M = 2(A+M) + (A−M) ≤ 2|g |S + 1.
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Reminder
G = ⟨a, b, c , d⟩, where σ = (0, 1), a = σ̇·(e, e), b = (a, c), c = (a, d), d = (e, b).
• There is an embedding σ : G → G with σ(a) = ca, σ(b) = d , σ(c) = b, σ(d) = c .
• The word metric on G w.r.t S = {a, b, c , d} satisfies |σ(g)|S ≤ 2|g |S + 1.

Lemma
The map

F : G × G −→ StG ⊆ G × G, (g0, g1) 7→ σ(g0)
aσ(g1)

satisfies

F (g0, g1) = (g0θ(g1), θ(g0)g1) for all g0, g1 ∈ G.
Moreover

|F (g0, g1)|S ≤ 2|g0|S + 2|g1|S + 4.

Proof.

• F (g0, g1) = (θ(g0), g0)
a(θ(g1), g1) = (g0θ(g1), θ(g0)g1).

• |F (g0, g1)|S ≤ |σ(g0)|S + 2 + |σ(g1)|S ≤ 2|g0|S + 1 + 2 + 2|g1|S + 1.
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Reminder

• F : G × G −→ StG ⊆ G × G, (g0, g1) 7→ σ(g0)
aσ(g1)

• F (g0, g1) = (g0θ(g1), θ(g0)g1) for all g0, g1 ∈ G.

Lemma
Every non-empty fibre of F contains exactly 8 elements.

Proof.

• Let (g0, g1) ∈ G × G, let (h0, h1) ∈ F−1(g0, g1), and let t := g−1
0 h0.

• g0θ(g1) = F (g0, g1)0 = F (h0, h1)0 = h0θ(h1) = g0tθ(h1).
• θ(g0)g1 = F (g0, g1)1 = F (h0, h1)1 = θ(h0)h1 = θ(g0)θ(t)h1.
• ⇒ t = θ(g1)θ(h1)

−1 ∈ D and h1 = θ(t)−1g1.
• ⇒ (h0, h1) = (g0t, θ(t)

−1g1) with t ∈ D ⇒ |F−1((g0, g1))| ≤ |D| = 8.
• Consider now (h0, h1) = (g0t, θ(t)

−1g1) for some t ∈ D.
• F (h0, h1)0 = g0t θ(θ(t)

−1g1) = g0t θ
2(t)−1θ(g1) = g0θ(g1) = F (g0, g1)0.

• F (h0, h1)1 = θ(g0t)θ(t)
−1g1 = θ(g0)g1 = F (g0, g1)1.

• (h0, h1) ∈ F−1(g0, g1).
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Reminder

• F : G × G −→ StG ⊆ G × G, (g0, g1) 7→ σ(g0)
aσ(g1)

• |F (g0, g1)|S ≤ 2|g0|S + 2|g1|S + 4
• Every non-empty fibre of F contains exactly 8 elements.
• We write S = {a, b, c, d} ⊆ G, BS(n) = { g ∈ G | |g |S ≤ n }, γS

G(n) = |BS(n)|.

Lemma

For each n ∈ N we have γS
G(4n − 2) ≥ γS

G(n−2)2

8 .

Proof of the lower bound.

• Pigeonhole principle:

|F (BS(n)× BS(n))| ≥
1
8
|BS(n)× BS(n)| =

γS
G(n)

2

8
.

• F (BS(n)× BS(n)) ⊆ BS(4n + 4) =⇒ γS
G(4n + 4) ≥ γS

G(n)2

8 .

• γS
G(4n − 2) ≥ γS

G(4n − 4) ≥ γS
G(n−2)2

8 .
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Reminder

For each n ∈ N we have γS
G(4n − 2) ≥ γS

G(n−2)2

8 .

Lemma
For every k ≥ 0 and every n ≥ 2,

γS
G(4

kn − 2) ≥ 8

(
γS
G(n − 2)

8

)2k

.

Proof.

• For k = 0 the claim is clear.
• Assume the lemma holds for k. Replaced n in the remark by 4kn gives us

γS
G(4

k+1n − 2) ≥ γS
G(4kn−2)2

8 ≥ 1
8

[
8
(

γS
G(n−2)

8

)2k
]2

= 8
(

γS
G(n−2)

8

)2k+1

.
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Reminder

For every k ≥ 0 and every n ≥ 2 we have γS
G(4

kn − 2) ≥ 8
(

γS
G(n−2)

8

)2k

.

Theorem (Grigorchuk; 1984)

The growth function of Grigorchuk’s group G satisfies γS
G(n) ⪰ e

√
n.

Proof.

• Choose n0 ≥ 2 such that q :=
γS
G(n0−2)

8 > 1.

• For Nk := 4kn0 − 2, the above remark gives us γS
G(Nk) ≥ 8q2k

.
• For sufficiently large N, choose k with Nk ≤ N < Nk+1 = 4k+1n0 − 2. Then

N

n0
<

N + 2
n0

< 4k+1 =⇒
√
N

2
√
n0

< 2k .

• γS
G(N) ≥ γS

G(Nk) ≥ 8q2k

= exp(log(8q2k

)) ≥ exp(log(q)2k) ≥ exp
(
log(q)

√
N

2
√
n0

)
• By setting c := log(q)

2
√
n0

> 0 we obtain γS
G(N) ≥ exp(c

√
N) for large enough N.
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Theorem (Bartholdi, 1998)

Let S := {a, b, c , d} ⊆ G. There is a constant C > 0 such that for each n ∈ N

γS
G(n) ≤ exp(Cnα), α :=

log 2
log 2− log η

,

where η is the positive root of η3 + η2 + η − 2 = 0.

Definition
For the root η ∈ (0, 1) of η3 + η2 + η − 2 = 0, assign the weights

∥a∥ = 1− η3, ∥b∥ = η3, ∥c∥ = 1− η2, ∥d∥ = 1− η.

For g ∈ G, let ∥g∥ be the minimum total weight of a word representing g .

Lemma
If g = σ̇g · (g0, g1), then ∥g0∥+ ∥g1∥ ≤ η

(
∥g∥+ ∥a∥

)
.

Lemma
By changing ∥ · ∥ by a bounded amount, we obtain for large ∥g∥ that

∥g0∥+ ∥g1∥ ≤ η∥g∥.
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Construction
Fix K so large that

∥g0∥+ ∥g1∥ ≤ η∥g∥ whenever ∥g∥ > K .

We associate to every g ∈ G a finite rooted tree R(g).

• If ∥g∥ ≤ K , then R(g) is the one-vertex tree whose root is a leaf labelled by g .
• If ∥g∥ > K , the root of R(g) is labelled by σg ∈ {1, σ} and has the two ordered

subtrees R(g0) and R(g1).
• The contraction estimate implies that the construction terminates.
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Construction
Fix K so large that

∥g0∥+ ∥g1∥ ≤ η∥g∥ whenever ∥g∥ > K .

We associate to every g ∈ G a finite rooted tree R(g).
• If ∥g∥ ≤ K , then R(g) is the one-vertex tree whose root is a leaf labelled by g .
• If ∥g∥ > K , the root of R(g) is labelled by σg ∈ {1, σ} and has the two ordered

subtrees R(g0) and R(g1).
• The contraction estimate implies that the construction terminates.

Lemma
The map g 7→ R(g) is injective.

Eduard Schesler (KIT) Automata and groups 18. September 2026



Growth of groups Abelianisation and self-similarity

Notation
Let #R(g) denote the number of leaves of R(g), and put

α :=
log 2

log 2− log η
∈ (0, 1).

Lemma
There is a constant D ≥ 1 such that #R(g) ≤ D∥g∥α for all g ∈ G.

Lemma
There is a constant E > 1 such that the number of possible labelled trees R(g)
with at most m leaves is at most Em.
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Growth of groups Abelianisation and self-similarity

Theorem (Bartholdi, 1998)

Let S := {a, b, c , d} ⊆ G. There is a constant C > 0 such that for each n ∈ N

γS
G(n) ≤ exp(Cnα), α :=

log 2
log 2− log η

,

where η is the positive root of η3 + η2 + η − 2 = 0.

Proof sketch.
By setting M := max{∥a∥, ∥b∥, ∥c∥, ∥d∥} we obtain

∥g∥ = max{1, ∥g∥0 − C} ≤ 1 +M · |g |S .

Hence

γS
G(n) ≤ E ⌈D(1+Mn)α⌉ ≤ exp(C1n

α)

for a suitable constant C1 > 0 and all sufficiently large n. Therefore

γS
G(n) ⪯ exp(nα).
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