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HIGHER EISENSTEIN ELEMENTS, HIGHER
EICHLER FORMULAS AND RANK OF
HECKE ALGEBRAS

Dr. LECOUTURIER Emmanuel

Paris 7
Lecture 1
Time: 10:00-11:00 am., Monday, Oct.23, 2017
Lecture 2

Time: 10:00-11:00 am., Wednesday, Oct.25, 2017
VVenue: Room 2213, East Main Guanghua Tower, Handan Campus

Abstract: In his classical work, Mazur considers the Eisenstein ideal | of the

Hecke algebra T acting on cusp forms of weight 2 and level T,(N) where N

is prime. When p is an Eisenstein prime, i.e. p divides the numerator of —ngl,

denote by T the completion of T at the maximal ideal generated by | and p.

Thisisa z-algebra of finite rank g,>1 asa z,-module.
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Mazur asked what can be said aboutg, . Merel was the first to studyg, .
Assume for simplicity that p>5. Let log:(Z/Nz)*—»F, be a surjective

morphism. Then Merel proved that g,>2 ifandonly if F,

We prove that we have g_p = 3 if and only if

ZZ: k-log(k) = Zz: k -log(k)* =0 (mod p).

We also give a more complicated criterion to know when g, >4. Moreover,

we prove higher Eichler formulas. More precisely, let

N2—1 N_l 2
H(X)=Z[ 2 ] - X" e Fy[X]
kK—0 7%

be the classical Hasse polynomial. It is well-known that the roots of H are

simple and in F:, .LetL be this set of roots. We prove that
N-1

D log(H'(1)) = 4- ZZ: k-log(k) (modulo p)

AeL

and, if g ,>2,

N-1

> log(H'(4))* = 4-§k -log(k)* (modulo p) .

AelL k
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The proof of these results are based on the theory of higher Eisenstein
elements. These are elements of some Hecke module, which have (in
particular) the property to be annihilated by some power of the Eisenstein ideal.
We consider several Hecke modules in our work and compute explicitly some

higher Eisenstein elements in these modules.
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