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Geometrically ruled surfaces

Definition

A surface S is ruled if it is birational to C ˆ P1.

If C “ P1, we say that S is rational.

S is geometrically ruled if D p : S Ñ C smooth, fibers – P1.

The last definition is justified by:

Theorem (Noether-Enriques)

p : S Ñ C geometrically ruled ñ S ruled.

Note that this is specific to surfaces: there exist smooth

morphisms X Ñ S (S surface) with all fibers – P1, but X not

birational to S ˆ P1 (Severi-Brauer varieties).
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Minimal ruled surfaces

Theorem

S ruled not rational. S minimal ô S geometrically ruled.

Proof : 1) p : S Ñ C with fibers – P1, gpC q ě 1.

If E Ă S , ppE q “ q P P1 since gpC q ě 1 ñ E“p´1pqq ñ E 2 “ 0.

2) S – C ˆ P1 ù rational map p : S 99K C , gpC q ě 1.

Claim : p is a morphism.

If not,
Sn

u

��

v

  
S

ϕ // C

u : Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S0 “ S .

En Ă Ŝ exceptional curve; since gpC q ě 1, vpEnq “{pt} ñ can

replace Sn by Sn´1, then ... till S0 ñ .
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End of the proof

3) p : S Ñ C , general fiber F – P1. Want to prove all fibers – P1.

Recall: F 2 “ 0, K ¨ F “ ´2 (genus formula).

‚ F irreducible ñ F – P1 (genus formula).

‚ F “ mF 1 ? Only possibility m “ 2, K ¨ F 1 “ ´1, contradicts

genus formula.

‚ F “
ř

niCi . Claim : ñ C 2
i ă 0 @i .

Because: niC
2
i “ Ci ¨ pF ´

ÿ

j‰i

njCjq, Ci ¨ F “ 0, Ci ¨ Cj ě 0, and

Ci ¨ Cj ą 0 for some j since F is connected.

‚ Then K ¨ Ci “ 2gpCi q ´ 2´ C 2
i ě ´1, “ ´1 ô Ci exceptional.

So if S minimal, pK ¨Ci q ě 0 @i ñ pK ¨F q ě 0, contradiction.
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Projective bundles

E rank 2 vector bundle on C ù projective bundle

p : PC pE q Ñ C , p´1pxq “ PpExq, so PC pE q is a geometrically

ruled surface.

The following can be deduced from the Noether-Enriques theorem:

Proposition

Every geometrically ruled surface is a projective bundle.

There is a highly developed theory of vector bundles on curves,

particularly in rank 2; therefore the classification of minimal ruled

surfaces is well understood.
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Elementary transformation

f : S Ñ C geometrically ruled. Choose p P C ,

q P F :“ f ´1ppq. Blow up q.

f̂ : Ŝ
b
ÝÝÑ S

f
ÝÝÑ C . Fiber above p “ E Y F̂ .

0 “ pf̂ ˚pq2 “ pE ` F̂ q2 “ E 2 ` F̂ 2 ` 2 ñ

F̂ 2 “ ´1, hence F̂ is an exceptional curve

(Castelnuovo). Contraction c : Ŝ Ñ S 1:

ùñ

Ŝ

b

��

c

��
f̂

��

S

f ��

S 1

g
��

C

f̂ induces g : S 1 Ñ C geometrically ruled.
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Elementary transformation with section

Ŝ

b

��

c

��
S S 1

Let Σ Ă S be a section of f passing through q.

Then Σ and F are transverse, so Σ̂X F̂ “ ∅ in Ŝ ,

and c maps Σ̂ isomorphically to Σ1 section of g .

Then Σ12 “ Σ̂2 “ pb˚Σ´ E q2 “ Σ2 ´ 1 .

Lemma

Suppose PicpSq “ ZrF s ‘ ZrΣs. Then PicpS 1q “ ZrF 1s ‘ ZrΣ1s.

Proof : It suffices to prove that pc˚F 1, c˚Σ1,E q basis of PicpŜq.

But c˚F 1 “ b˚F , c˚Σ1 “ Σ̂ “ b˚Σ´ E , and pb˚F , b˚Σ,E q basis

of PicpŜq.
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The surfaces Fn

Proposition

‚ For n ě 0, D a geometrically ruled rational surface Fn Ñ P1,

with a section Σ of square ´n, and PicpFnq “ ZrF s ‘ ZrΣs.

‚ For n ą 0, the curve Σ is the only curve of square ă 0 on Fn.

Proof : We start with F0 :“ P1 ˆ P1, with f “ pr1 and

Σ “ P1 ˆ t0u. Once pFn,Σq is constructed, we choose q P Σ :

elementary transformation ù Fn`1 “ S1 with Σ2 “ ´n ´ 1.

‚ By the Lemma, PicpFnq “ ZrF s ‘ ZrΣs.

‚ Let C ‰ Σ irreducible curve on Fn. C ” aΣ` bF .

pC ¨ F q ě 0 ñ a ě 0; pC ¨ Σq “ ´an ` b ě 0

ñ C 2 “ ´na2 ` 2ab “ ap2b ´ anq ě an2 ě 0.
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Minimal rational surfaces

Corollary

Fn is minimal for n ‰ 1.

F1 is obtained by blowing up a point q in P1 ˆ P1 and contracting

one of the lines through q; by stereographic projection, F1 – P̂2.

Theorem

The minimal rational surfaces are P2 and Fn for n ‰ 2.

Remark : Being geometrically ruled, the surfaces Fn are of the

form PP1pE q. It is not difficult to show that all vector bundles on

P1 are direct sums of line bundles; in fact, it was observed by

Hirzebruch that Fn “ PP1pOP1 ‘OP1pnqq.
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