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Blowing up

Proposition

p P S . D b : Ŝ Ñ S , unique up to isomorphism, such that

1 b´1ppq “ E – P1;

2 b : S r E „ÝÑ S r p.

Sketch of proof: coordinates x , y in U Q p

Û Ă U ˆ P1 : xY ´ yX “ 0.

b : Û Ñ U projection, satisfies 1 and 2 .

Then glue S r p and Û along U r p.

In Û 1 Ă Û : tX ‰ 0u, y “ xt with t “
Y

X
:

px , tq local coordinates, bpx , tq “ px , txq,

E given by x “ 0.
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The strict transform

We say that E is the exceptional curve of the blowing up.

E „ÝÑ PpTppSqq: pX ,Y q P E Ø tangent direction xY ´ yX “ 0.

For C Ă S , strict transform Ĉ :“ closure of C r p in Ŝ .

Ĉ X E “ ttangent directions to C at p}.

Lemma

b˚C “ Ĉ `mE in DivpŜq, where m :“ mppC q.

Proof : Eqn. of C in U: 0 “ f px , yq “ fmpx , yq ` fm`1px , yq ` ..

Choose px , yq such that fmpx , 0q ‰ 0, i.e. C not tangent to y “ 0.

b˚f “ f px , txq “ xm
`

fmp1, tq ` xfm`1p1, tq ` . . .
˘

, fmp1, 0q ‰ 0

ñ multiplicity of E in divpb˚f q “ m.

Arnaud Beauville Algebraic surfaces



The Picard group of Ŝ

Proposition

1 PicpŜq “ b˚ PicpSq
K

‘ ZrE s, pb˚C ¨ b˚Dq “ pC ¨ Dq, E 2 “ ´1.

2 KŜ “ b˚KS ` E .

3 b2pŜq “ b2pSq ` 1.

Proof : ‚ Γ Ă Ŝ , Γ ‰ E ñ Γ “ strict transform of bpΓq Ă S

ñ Γ “ b˚bpΓq ´mE .

‚ @C Ă S , C ” A S p ñ pb˚C ¨ E q “ 0, pb˚C ¨ b˚Dq “ pC ¨ Dq.

‚ Take H Q p, mppHq “ 1. Then pĤ ¨ E q “ 1; b˚H “ Ĥ ` E ,

pb˚H ¨ E q “ 0 ñ E 2 “ ´1.

‚ b˚KS “ KŜ ` kE ñ KŜ ¨ E ` kE 2 “ 0. KŜ ¨ E “ ´1 (genus

formula) ñ k “ 1.

‚ The claim on b2 follows from standard topological arguments.
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Rational maps

Corollary

C Ă S , strict transform Ĉ Ă Ŝ . Then pKŜ ¨ Ĉ q ě pKS ¨ C q.

Proof : pKŜ ¨ Ĉ q “ pb
˚KS ` E q ¨ pb˚C ´mE q “ pKS ¨ C q `m.

Definition : Rational map ϕ : S 99K T :“ morphism S Ą U Ñ T .

We’ll always take the largest U such that ϕ|U is a morphism.

‚ ϕ is birational if DU Ă S , V Ă T such that ϕ : U „ÝÑ V

– then we say that S and T are birational.
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Elimination of indeterminacy

Theorem (Elimination of indeterminacy)

1 D u, v morphisms, u “ b1 ˝ . . . ˝ bn blowups.

Ŝ

u

��

v

��
S

ϕ // T

2 A birational morphism is a composition of blowups.

Remark : 1 holds in higher dimension (”Hironaka’s little roof”),

but not 2 .
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Example: stereographic projection

Q Ă P3 smooth quadric XT ´ YZ “ 0. Segre embedding

s : P1 ˆ P1 „ÝÑ Q Ă P3, spU,V ;W ,Sq “ pUW ,US ,VW ,VSq.

For each p “ spa, bq P Q, there are 2 lines Ă Q passing through p:

spP1 ˆ bq and spaˆ P1q.

Let Π Ă P3 plane S p.

ϕ : Q 99K Π: q ‰ p ù xp, qy X Π.

Extension f : Q̂ Ñ Π: ` P PpTppQqq ÞÑ `X Π.

f birational, contracts the 2 lines through p.

Q̂

b

yy

f

""
P1 ˆ P1 “ Q

ϕ // Π “ P2
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Some consequences

Corollary

ϕ : S 99K T rational. DF Ă S finite, ϕ : S r F Ñ T morphism.

Remark : Direct proof easy, see exercises.

Consequences : ‚ Since DivpSq „ÝÑ DivpS r F q and PicpSq „ÝÑ

PicpS r F q, ϕ˚ : DivpT q Ñ DivpSq and PicpT q Ñ PicpSq defined.

‚ For C Ă S , ϕpC q :“ ϕpC r F q well-defined.

‚ ϕ : S „99K T ñ H0pT ,KT q
„ÝÑ H0pS ,KSq.

(Beware! Not true that ϕ˚KT “ KS , think of blowups)

Proof : ϕ˚ : H0pT ,KT q Ñ H0pS r F ,KSq
„ÐÝ H0pS ,KSq, then

pϕ´1q˚ : H0pT ,KT q Ñ H0pS ,KSq inverse of ϕ˚.

‚ H0pT , nKT q
„ÝÑ H0pS , nKSq for n ą 0 (same argument).

‚ H0pT ,Ω1
T q

„ÝÑ H0pS ,Ω1
Sq (same argument).
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Birational invariants

‚ The numerical invariants pg pSq :“ h0pKSq (geometric genus),

PnpSq :“ h0pnKSq (plurigenera), qpSq :“ h0pΩ1
Sq (irregularity)

are birational invariants.

Definition

A surface is ruled if it is birational to C ˆ P1.

Proposition

S ruled ñ PnpSq “ 0 @n ě 1.

Proof : Suffices to prove it for S “ C ˆ P1.

F “ tcu ˆ P1 satisfies F 2 “ 0, hence K ¨ F “ ´2 (genus formula).

If nK ” D ě 0, D must contain tcu ˆ P1 for all c P C ,

impossible.
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Irregularity of ruled surfaces

The converse is true, but difficult:

Theorem (Enriques)

PnpSq “ 0 @n ñ S ruled.

In fact Enriques proved a more precise result: P12 “ 0 ñ S ruled.

Proposition

S birational to C ˆ P1 ñ qpSq “ gpC q.

Proof: S “ C ˆ P1 p
ÝÑ C . Claim: p˚ : H0pC ,KC q

„ÝÑ H0pS ,Ω1
Sq.

ω P H0pΩ1
Sq, s : C ãÑ C ˆ P1, spcq “ pc , 0q. Suffices: ω “ p˚s˚ω.

Local coordinates z on C , t on P1 ù ω “ apz , tqdz ` bpz , tqdt.

ωtcuˆP1 “ 0 ñ bpc , tq ” 0 @c ñ b “ 0.

dω P H0pKSq “ 0 ñ
B

Bt
apz , tq “ 0 ñ apz , tq “ apz , 0q,

ω “ apz , 0qdz “ p˚s˚ω.
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Minimal surfaces

Definition

S minimal if any birational morphism S Ñ T is an isomorphism.

Proposition

Every S admits a birational morphism onto a minimal surface.

Proof : If not, D an infinite chain S Ñ S1 Ñ ¨ ¨ ¨ Ñ Sn Ñ ¨ ¨ ¨ of

blowups. This is impossible since b2pSnq “ b2pSq ´ n.

Theorem (Castelnuovo’s criterion)

Let E Ă S , E – P1, E 2 “ ´1. There exists a surface T and a

blowing up b : S Ñ T with exceptional curve E .

Corollary

S minimal ô S Č E – P1 with E 2 “ ´1.
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Non-ruled surfaces

Theorem

Two birational minimal surfaces not ruled are isomorphic.

Thus a non-ruled surface admits a unique minimal model (up to

isomorphism); the birational classification of these surfaces is

reduced to the classification (up to isomorphism) of the minimal

ones. In contrast, ruled surfaces have a simple birational model

(C ˆ P1), but the determination of the minimal ones is subtle.

The theorem follows easily from an important Lemma (admitted):

Key lemma

If S is minimal not ruled, pK ¨ C q ě 0 for all curves C .

We say that K is nef. This is the crucial notion to extend the

definition of minimal surface in higher dimension.
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Proof of the Theorem

Let ϕ : S „99K T , with S ,T minimal not ruled. We want to prove

that ϕ is an isomorphism.

We choose a diagram:

Sn
u

��

v

  
S

ϕ // T

v birational, u : Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S0 “ S ,

with n ě 1 minimal ñ v maps En to a curve C .

Since v is a composition of blowups,

pKT ¨ C q ď pKSn ¨ Enq “ ´1, contradicting the key lemma.
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