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July 2020

Arnaud Beauville Algebraic surfaces



Divisors and line bundles

Surface = smooth, projective, over C.

PicpSq “ {line bundles on Su{ „, (group for b).

DivpSq “ tD “
ř

niCiu. D ě 0 (effective) if ni ě 0 @i .

tD ě 0u
„

ú tpL, sq | L P PicpSq, 0 ‰ s P H0pLqu

We put L “ OSpDq. Map D ÞÑ OSpDq extends by linearity to

homomorphism DivpSq� PicpSq. Then PicpSq “ DivpSq{ ”

where D ” D 1 ô D ´ D 1 “ divpϕq, ϕ rational function on S .

C irreducible curve, s P H0pOSpC qq defining C . OSp´C q ã
s
ÝÝÑ OS

ñ OSp´C q – ideal sheaf of C in S .

f : S Ñ T ù f ˚ : PicpT q Ñ PicpSq.

D P DivpT q; if f pSq Ć D, f ˚D P DivpSq and OSpf
˚Dq “ f ˚OSpDq.
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The intersection form

C ‰ D irreducible, p P C X D. f , g equations of C ,D in Op.

Definition : mppC X Dq :“ dimCOp{pf , gq.

Example: mppC X Dq “ 1 ðñ pf , gq “ mp ðñ f , g local

coordinates at p
def
ðñ C and D transverse.

Definition : pC ¨ Dq :“
ÿ

pPCXD

mppC X Dq.

Theorem

D bilinear symmetric form p ¨ q : PicpSq ˆ PicpSq Ñ Z such that

pOSpC q ¨OSpDqq “ pC ¨ Dq for C ,D irreducible.

Remark : Suppose C smooth, D ě 0. OSpDq has a section s with

divpsq “ D; then pC ¨ Dq “ deg s|C “ degOSpDq|C . By linearity,

pL ¨OSpC qq “ deg L|C for all L P PicpSq.
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Examples

1 S “ P2

C Ă P2 defined by a form FdpX ,Y ,Z q of degree d .
Fd
Zd

rational

function ñ C ” dH, H line in P2. Thus PicpP2q “ ZrHs,
pC ¨ Dq : degpC q degpDq (Bézout theorem).

2 S “ P1 ˆ P1

Put A “ P1 ˆ t0u, B “ t0u ˆ P1, U “ S r pAY Bq – A2.

D P DivpSq: D|U “ divpϕq for some rational function ϕ.

D ´ divϕ “ aA` bB for some a, b P Z ùñ

PicpP1 ˆ P1q “ ZrAs ‘ ZrBs. pA ¨ Bq “ 1 (transverse).

A2 “
`

A ¨ pP1 ˆ t1uq
˘

“ 0, B2 “ 0: intersection form

˜

0 1

1 0

¸

.
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Examples (continued)

3 p : S Ñ C , F :“ p´1pxq. DD P DivpC q, x R D, x ” D; then

F ” p˚D ñ F 2 “ F ¨ p˚D “ 0.

4 D ě 0, D ¨ C ă 0 ñ D “ C ` E , E ě 0.

(otherwise D “
ř

niCi , Ci ‰ C ñ C ¨ Ci ě 0 @ i)

5 C 2 ă 0,C ” D ě 0 ñ D “ C (ô h0pOSpC qq “ 1).
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Canonical line bundle and Riemann-Roch

Ω1
S “ sheaf of differential 1-forms, locally isomorphic to O2

S

(locally apx , yqdx ` bpx , yqdy).

KS “
Ź2 Ω1

S “ sheaf of 2-forms = canonical line bundle

(locally ω “ f px , yqdx ^ dy , divpωq “ divpf q).

KS or K “ canonical divisor = divisor of any rational 2-form.

Example : KP2 ” ´3H.

Indeed the 2-form
XdY ^ dZ ` YdZ ^ dX ` ZdX ^ dY

XYZ
is well-

defined, does not vanish, and has a pole ” 3H.

Example : C1,C2 smooth projective curves, S “ C1 ˆ C2,

projections pi : S Ñ Ci . Then KS ” p˚1KC1 ` p˚2KC2 .

Indeed if αi is a 1-form on Ci (possibly rational), p˚1α1 ^ p˚2α2 is a

2-form on S , with divisor p˚1 divpα1q ` p˚2 divpα2q.
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Riemann-Roch

Recall: L P PicpSq ù H i pS , Lq “ H i pLq, i “ 0, 1, 2.

hi pLq “ dimH i pLq. χpLq :“ h0pLq ´ h1pLq ` h2pLq.

If L “ OSpDq, we write H i pDq, hi pDq, χpDq.

Theorem

Riemann-Roch : χpLq “ χpOSq `
1

2
pL2 ´KS ¨ Lq.

Serre duality : hi pLq “ h2´i pKS b L´1q.

Since the term h1 is difficult to control, we will most often use R-R

as an inequality, using Serre duality. In divisor form:

h0pDq ` h0pK ´ Dq ě χpOSq `
1

2
pD2 ´ K ¨ Dq .
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The genus formula

Corollary (genus formula)

C irreducible Ă S ñ gpC q :“ h1pOC q “ 1`
1

2
pC 2 ` K ¨ C q.

Proof : Exact sequence 0 Ñ OSp´C q Ñ OS Ñ OC Ñ 0 ùñ

χpOC q “ χpOSq ´ χpOSp´C qq
R-R
““ ´

1

2
pC 2 ` K ¨ C q .

Examples : ‚ C Ă P2 of degree d ñ

gpC q “ 1`
1

2
pd2 ´ 3dq “

1

2
pd ´ 1qpd ´ 2q .

‚ C Ă P1 ˆ P1 of bidegree pp, qq (i.e. C ” pA` qB) ñ

gpC q “ 1`
1

2
p2pq ´ 2p ´ 2qq “ pp ´ 1qpq ´ 1q .
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The genus of a singular curve

Remark : Let n : N Ñ C be the normalization of C . Then

gpC q ě gpNq, with equality iff C is smooth.

Proof : Exact sequence 0 Ñ OC Ñ n˚ON Ñ T Ñ 0

with T concentrated on the singular points of C .

Hence H i pT q “ 0 for i ą 0. Therefore χpOC q “ χpONq ´ h0pT q,
and gpC q “ gpNq` h0pT q ě gpNq, equality iff C “ N smooth.

Corollary

C 2 ` K ¨ C ě ´2; equality ñ C – P1.

Indeed C 2 ` K ¨ C “ 2gpC q ´ 2 ě 2gpNq ´ 2 ě ´2.
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Numerical invariants

Algebraic surfaces are distinguished by their numerical invariants:

‚ The most important: K 2, χpOq.
Though we will not use this in the lectures, I want to mention:

Theorem

1 (M. Noether) K 2 ě 2χpOq ´ 6;

2 (Miyaoka-Yau) K 2 ď 9χpOq.

The relation of K 2{χpOq with the geometry of the surface is a

long chapter of surface theory (“geography”).

Refined invariants:

‚ h2pOq “ h0pK q (Serre duality), the geometric genus pg ;

‚ h1pOq “ H0pΩ1q (Hodge theory), the irregularity q;

‚ h0pnK q pn ě 1q, the plurigenera Pn.
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