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Lecture V: Hilbert Scheme

Goal: find the parametrization space of projective schemes in a fixed projective 
space. 

We will form the question as a moduli problem. 

Two functors

(I).  The functor G(r,V) : Scheme —> Set is defined by 
 
                              G(r,V)(S)={ rank r sub-bundle of S ×V }/~

In particular, G(r,V)(pt)={ r-dim linear subspaces of V }=: Grass (r, V).  

(II). Let p(z) be a rational polynomial. The functor Hilb(p, V) :  Scheme —> Set is 
defined by 

            Hilb(p, V)(S)={ X—>S is flat family of closed subschems in P(V) 
                                   with Hilbert  polynomial p(z)}/~
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Theorem A. The functor G(r,V) is represented by the projective scheme Grass(r,V) of dimension
 r(n-r), where n=dim V.

E.g. if r=1 or dim V-1, Grass(r,V)= P(V) is the projective space. 

Theorem B. The  Hilbert functor Hilb(p, V)  is representable by a projective scheme, called the 
Hilbert scheme of closed subschemes in P(V) with respect to p.

Remark.

Thm A is a special case of Thm B, as G(r,V) parametrizes the r-1 dimensional linear space in 
P(V) 
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