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Domination beeen epresentations
⼀

let s be a closed oientedsurface ofg ≥
2

.

Consider a representation P : π, ( S )→ PSL(n , ¢ ]
.

let N = SL(n ,⑥(n )
⑥ PSL(n ,¢ )

equipped uith ainon
Riem metic

induced by the
trace form on sl(n , 4)

.

Letdwdenoteindace
distance foa .

a The translation ength spectum
f0 :

π. (s) → 1R
≥0

is

lp (γ) :+miGN dN ( x
, P()x ).

µ
0 The entropy of p
←pk}|# {rt π (s) }
log

he : = limsup R⇒

R->∞

. Call P <j if
a ⼊ < 1 s .t

90σ) < xljb)
θ *π (sl



Fachsianrepresentations
For a hy perbolic surfae (S,g),

letj be
the uniformicing ep

j : π(s
) →PSL 1R

.

( realizing Tπ (s) as
isometries of 1H

2)
.

such ep ;
ae called Fuchsian

()discteandfaithful
.

? .

Fact : ahj ≡ 1

0 Any tovo Fuchsian eps

cannot dominate
each other .



Thm (Deroin -TholoranIMRN16
TGiven a representationP :π ,(S )→ PSL(2 , ¢ )

,

王 a Fachsian ep
: π, (s)→ PSL(2 , IR )st

β<j unless ? is Fuchsian
.

-

Asaresult , heol uuless Pis Fachsian
.

In fact , they
shouw much more

.

Restrict e to be reductive .

0 : π . (s)
→ G , Adop : π i( s

) -Glg
is completely

⼀

redacible .

"



Associate e toa Hp 0 :π (s )→pstkGn
. s ser X on s

,

for ay
redep P : π (S)→ PSL2 C ,

one can associate qq ε
H

(x , 多 .

q (E) dE
= (作 (E)

holom )
.

. By Donaldson
'

s thm ,

王 a f - equic
hamonic map

f :* → 1
H 3= s上回SO 2)

.

The quadratic diff : = Hopf diff off
,0 ) -part
off* gtβ .

ie .

holom follous fom hamonicity off .

IH3
≈ space of pos . def Hem

matires of det= 1
,

Hopf (f) : =
tr (f

+af @ f
"af )

-

数0(×
. conversely , gied (X

, 2)by
the esult of Wolf , Hiechin ,

associatedsct
its

a 1 a Fuchsian ep jqq :π .(s
)→ PSL2 /R di(ts 2 .



Thm 2 ( Deroin - Tholozan , 16 )
⼀

Given ( x , 收 ) ,

alrepesentationst

P : T 1 i(s )→ PSL(2 ,4 ) associated 92is
,

domiaated by jqz .

Rep ( s ((2,1) = Homed(π ,(s) ,PS4)/PSL2 G

v乎
f
Fuchsion

locus

Rep (plz,¢ 1 )

µ l
⼀*



literature on Deroin - Tholoran
'

s thms ( 1+ 2 )

NotethatThm
2⇒ Thm 1

⇐

On Thom 2 , noncompact surfaes
N . Sagman JDG 2022!

on Thm 1
, surfaes uith bdy .

( eepbdyength?*

S:Gupta - Meixu
Su .

ArXiv 2020 !

Our goal : Consider
PSL(n ,¢) - ep .

Ask right formulation
of psLlase ?



Thmtcortet亟
Given a reductiveep P : π , ( s )→ PSL(n

,
¢ )
,

≡ a p- equiv harmonic map f: x
→ SL(n

,
G5U (n )

.

ConveBely ,
theexistence of hamonic maps

implies reductivity .

uithspaceofposidef
Identify sLln ,号oca , tlerm matlios

of det
= 1

.

We associate a tuple of holom diff

q , 3… , qn (92= Hopf(f )) ,

mlee 9 和 =tr (ftsf④fif
@

…@f
fiofsholon

sectin of a
tolomod

← harmoniciey off .

⼀



n -Fachsian

There is a unique
ineducible ep

τn : PSL(2 , ¢ )→ PSL(n , ¢ )

A →the induedaction

↴ on the basis

N {Xn
1 ,Xn

- 2Y ,… , Yn}
⼀

'

Given a Fachsian Hp j :
π, (S )→ PSL21R ,

obtain τnoj : π , ( s) → PSLnIR
.

called n -Tachsian
⼀



Fibration of Rep ( pslln , 41) dependingont
Hiechin section .

⾃向 ”
——

l 111 l
—Hoxky
a Fibration generalices Donaldsou '

sthm
.

Convesely, giviag(
作,93 ,

…

, qu ) ,

Hitchin defives a section ,

repHitchin .

lies ia PSL(n , (R)
,

a Hitchin eps
are exactly continwous deformatious

of n - Fuchsiau lous in Rep (PsL(n , 1R ) )
locus



Relation to the non - Abelian Hodgeconespondenc
.

TheNAH 5 1 - 1 bijection beueen .

eoReplpsl(n , ¢ 1 ) - {S 的Higgsbundles

holom - data
.

topological

oreHe,

Donaldson i
e - equir

harmonic maps

f:×^→SL( n,号U (n )
.

Def册 .

A Higgs bundle overX is apairCE号

E isrkn
holomvb .

- φ E H
0 ( x

,

End (E)⑥ k ) .



Equivariant hamonic maps Higgs bundles
.

overX
.{ f : x → s4器in ,

}→
(f*P× cG "f-f! ,
⇌

⇌
↑sclu ,afE*P is aprincipalslu1 - bundep .

holon str arising,

↓
,e

↓ sln ,号un )←
—

fomthe
10, 1 - partofthe canonical

×
→ connection on P



Polystable Higgs bundles equivaviant harmonic
⼀ →

maps f:x
-) :L(n,上⇌

(E , ψ ) SU (n)

…
:Hitchin , Simpson

-ovellel transport
⼀ Ho asinge

王 HstHHHHH1 fiber .

F [pH + [ψ, p
*H]= 0

(Hitchin equ ) .

D =DHC)
tdtd
*Hisflat



Hitchin fibration , polystable

πpsum,al1- [pkla ,dl -diggebondlusany⾃1)rhme

…嘴 MHiggs (psl(n,¢).

、

(E , φ )

I ↓
业 H

星

”
化

, k )
⽚

,
t 11%,91
"

( 上
a geometic langlands program

milfor symmetry .



Generalication of Thm 2 .

Conjecture( Deroin-Tholozan
, (

6')

⼀

Is Hitchin section maximal in its

Hitchin fiber in ofleugthspectrum?ms

not , how about certain fibers
Ψ⼀
⼀



Generalization of Thm 1
.

Given a ep P :π←(s) → psn,
C

) ——
does there exist a n - Fuchsian ep τnoj

st e<τnoj
?

This is not true .

In fact , Hitchinepaeas lageaspossibe
a Moreover , Portrie - Sambarino .

Iuvent . Mathi 7y

showed that for Htchin eps
6

丄 ⼀

he ≤ hrnoj = va , Cn
=

nCn≡ 1)
.

⇒

vigidiey holds
.



Generalizationof
Q 2 .

Given a ep P : π. (s ) → PSL(n , Q ) ,

does there exist a
Hitchin rep

σ : π, (s) → PSL[n , (R)

sit β<σ -

aFor cdosed sufface ,
unknoun

.

. o厨 punctued sulfues ,

Borman -Guptoturk) .ngoing.



Thm (Dai -1 .,plus2o2)
To 厨anyep P in the Hitchin fiber of

a n - Fachsian lep tnoj ,

then o <Enoj
unessβ=j τn

As a result , he > h (aoj )
=r

.

Ru这 n=2 case , any ep
lies in a fiber

of a Fachsian rep .

n >2 case , this is
not the .



Idea ofpoo
Recall theproofineroin-

Tholoran 's thm
.



Letk be the indued cavature of pullback metic .

Bochner formule for H = ho lom energy density

gH = ( 洲 -算 )—"⑤θ
the only variant .

"
;两 ⑩⼀ e have

⼀
I5

→⺟ 州 1
≤ Hz,

max principle .
「

7Energydensity Energydensiy.
( 1
,

1 ) ( 1 , 1 )
.

. o . oj ,

k = kfi; ⑥

the sectional
curvature

⼀

totally geodesic .

= -@

aFrfe ,KEK≤

sl(u ,o(n)
has curvatureo

.



AddmissingpaKN ≤ ano;.tn

If P and τnoj are

the same Hitchin

fiber .



Consider I区 , A
*] F

K (A) =
世- KA , A*>P

,S
N

.

.kfe .

lemmgSupposeAhaseigenvalues
of theform

t ( n- 1
,
n - 3, … ,1 - n ) (tε4)

,
then

K( A ) ≥ Cn
.

Co上
.

If A is ni (potent ,
K(A ) ≥ Cn

.

recovering a
GIT thm by L . Ness

1

and schmit - Valoden .

四



In fact , the Higgs (E , d )bunde

corespondingto τnoj is of thefom

E = K +④ ④ … ④
ks^④k世≡

n3

1

0 π, 作

州
“

说啊 )0

……
… 2
0M

: E → E④k

whele γz = i (n - i )




